BIOPKETHOE

MPO®GECCUOHAIIBHOE 2
OBPA30OBATE/LHOE £

YUYPEXOEHVE

ABTOMEXAHUYECKUN &

KONMNEDK"

FOCYOAPCTBEHHOE &

Ba
o=

e [IPABUTEJIBCTBO CAHKT-IIETEPBYPTA

RS e KOMUTET 10O OBPA3OBAHUIO
Cankr-IlerepOyprckoe rocyaapcTBEHHOE 00 KETHOE MPOdeCCHOHAIBHOE 00pa30-
BaTEJIbHOE YUPEXKICHUE «ABTOMEXaHUUECKUN KOJIIEIX

PACCMOTPEHO U ITIPUHATO YTBEPXIAIO

Ha 3acenanuu [lemarornueckoro Cosera [Ipencenarens meaarorndeckoro CoBeTa

CII6 T'BITOY «ABTOMEXaHUYECKHA KOS Hupextop CI16 I'BIIOY
«ABTOMEXAHUYECKUN KOJLJIEIK

[Tpotokom Ne5 /P.H. JIyuxoBckwmii/

«12» 05 2022r «13» 05 2022r

METOJUYECKUE YKAZAHUASA
K IIPAKTUYECKHUM 3AHATUAM

MaT€MaTUu4ICCKOro nu OGH.IGI‘O C€CTCCTBCHHOHAYYHOT'O LIUKJIA

Cneyuansrocn 22.02.06 Ceapounoe npouzeoocmeo (6azoeas
n0020MOBKa)
Jucyuniuna EH.01 MATEMATHKA

A/IA CPE/IHETO I[IPO®ECCHOHAJ/IBHOI'O OBPA30BAHHUA
110 [IPO'PAMME I10/IFOTOBKH CIIELJHAJINCTOB CPEJJHETO 3BEHA

CPOK OBYYEHHA - 3T'0/]A 10 MECALIEB

2022r



COOpHHMK METOAMYECKUX YKa3aHUM K MPAKTUYECKUM 3aHATUAM 1o auciuiinie «EH.01
Marematuka» pazpaboran Ha ocHOBe DeepaibHOT0 TOCYJaPCTBEHHOTO 00pa30BaTEh-
Horo ctanaapra (manee ®I'OC) cpennero npodecCHOHATBHOTO 00pa3oBaHUs (J1anee
CIIO), paboueit mporpammbl ukia yueOnou agucuurminnasl «EH.01 MaremaTtuka» u
MpeHa3HauYeH /I O0yYarOUIMXCs M0 CIENUATIBHOCTH CPeIHET0 MPOo(ecCHOHaTLHOTO
obpazoBanus (nanee CI10) 22.02.06 CapouHOe MPOU3BOICTBO, BXOJIAIIECH B COCTaB
YKpynHEHHOU rpynmnsl cnieruanbHocTed: 22.00.00 TexHonorun Matepualios, pu
MOATOTOBKE CIEIUAIUCTOB CPEIHETO 3BEHA.

Opranmzanus-pa3padoTymk:
Cankr-IletepOyprckoe  rocyaapcTBeHHOE — Oro/KeTHOEe  MpodecCHOHANTbHOE
o0pa3oBaTeIbHOE YUPEKIECHNE «ABTOMEXaHUUECKHUHN KOS

PaspaboTumnkm:

VYapaunoBa Anxena IlerpoBua, npenogaBarens CII6 'BIIOY «ABToMexanuue-
CKUH KOJUIEIIK.

Uepnsik JIro60Bb MenbeBHa,mipenogaatens CII6 'BIIOY «ABTomMexaHU4eCcKHit
KOJUIE K

PACCMOTPEHO M PEKOMEHJOBAHO K VYTBEPXJIEHMIK) na 3acemanuu
MeTtoanyeckoli KOMHCCHHM ecTecTBeHHO-mMaremMarnyeckoro 1ukia CIIo T'BIIOY
«ABTOMEXaHUYECKUIN KOJLIIEIK»

ITpotokon Ne 1 ot «29.» 08. 2022r



CoaepxaHue

1. TTOSCHUTEIIBHAS BATTMICKA. «....eeeutreeiieeeniieeeeiieeeeiteeeaiteestteesbeeesbtee sttt e sabaeeeabaeesabeeessbtneeeeeearnneeeens 4
2. [lepeueHb MPAKTHUECKUX PAOOT. ...ccuvieruetetieruieetieaiteesteesteenteessteesseesaeeeseessseenseessseensseesanseeesaseens 6
3. IloAroToBKa ¥ MOPSAAOK MPOBEACHUS MPAKTHUCCKUX PAOOT....cviemvirniiniieiiaiieniienieetesirenieeae s 7
4. HGOPMAITIOHHOE O0CCTICUCHHIE OOYUCHHS. ... vveeuvreerereeesnrreenreeesnseeesseeensseesssseeenssesessseesssseesannes 7
5. TIPAKTHUCCKHE PAOOTBL.....ueeeutieuieeuteesiteeteestteeteestteeateesaeeenseessseenseenseeanseenseesaseanseeanseeennsaeesnnseeesns 8
TTPaKTHIECKAST PAOOTA NQ L..oiiiiiiiiiiiiiiieiie ettt ettt ettt et e et e et e eeaeeebeeeabaeeennbeeeensaeeeassaeesnnnes 8
[TpaKTHYIECKAST PAOOTA N 2...iiiiiieiiiieciee ettt et e ettt e et e e et e e et e e e e e satee e ssaaeeeeesnssaeeeeeennnsseens 12
TTpakTHYECKAS PAOOTA INQ 3.ttt et sttt ettt ettt e e e e s 14
TTpaKTHIECKAST PAOOTA NO 4......iiiiiiiiiiiiieite ettt ettt ettt e et eeteesabeesseeesseesseeesnsseeeensseeessseeennes 19
[TpaKTHYIECKAST PAOOTA N 5ottt et et e et e st e e et e e s ate e e e saaaeeeeesnssaaaeeeennnsseeas 24
TTPaKTHYECKASI PAOOTA INQ 6.ttt ettt sttt et e e e s 29
TTPaKTHIECKAST PAOOTA N 7..oiiiiiiiieiieeiieeiee ettt e et eteesteeteeesbeeteessbeeseeesseensseeesnsseeeensseaessseeeanes 35
[TpakTHYIECKAST PAOOTA NO 8...oiiiiiieiiieeiie ettt et e et e e et e e et e e sate e e e saaaeeeeennsaaaeeeeennnnseeas 40
TTpakTHYECKAS PAOOTA NQ O....oiiiiiiiiiiiiit ettt sttt s 40
ITpakTHIecKast PAOOTA NO 10.....cccuiiiiiiiiieiie ettt ettt ee et e it esteesaeeesbeesbeeeesbeeeesseeeensseeennes 40
[TpakTrIeCKast PA0OTA NO 11 c.eiiiiiiiiiiiieie ettt et e et e e e e e snsraeaeeeennnnseeas 53
ITpakTHYEeCKast PA0OOTA NQ 12...c..iiiiiiiiiiiiiiieeee ettt ettt s 60
TTpakTHIECKAT PAOOTA NO 13 ... ittt ettt et sttt e et e e b e e e esbeeeensbeeeensseeeenes 65
[TpakTHUIECKast PAOOTA NO 14 oottt ettt et e et e e e tta e e e e e esnsaaaaeeeennnsseeas 68
ITpakTrYecKast PA0OTA NQ 15, ..ottt st e s 76
TTpakTHIECKAS PAOOTA NO 10.....cuiiiiiieiiieiie et ette et eiee ettt et et e sae e bt e esbeesseeessbeeeensseeesnsseeeanes 79
[TpakTHUIECKAST PAOOTA NO 17, . ittt ettt e et e et e e e e eennaanaeeeennnneeeas 85

ITpakTrdecKast PA00TA NQ I8.. ..ottt e es 88






1. I[TlosicHUTEJIbHAA 3AaIIMCKA

Hacrosmue Metoguveckue peKOMEHIAIUK TpeIHA3HAYCHBI JIJIs1 00YJalomuXCcsl B Kaue-
CTBE MPAKTUYECKOTO MOCOOUS MIPH BBHITIOTHEHUH MPAKTUYSCKUX 3aHITHIA 10 MPOrpamMme YIeOHOM
muciuminael «kEH.01  Maremarukay, paspaboranHoi s cnenuansHoctHn CIIO 22.02.06
CBapouHoe NMpou3BOACTBO (0a30Basi MOATrOTOBKA), BXOJIIEH B COCTaB YKPYMHEHHOH TIpyMIIbI
crenpanbHocTer: 22.00.00 TexHOIO0rHM MaTepUalioB, MPHU MOATOTOBKE CIEIUATIUCTOB CPEIHETO
3BCHA.

[lenb TaHHBIX METOJIMYECKUX YKA3aHUM:

[ ] OKa3aHUuEC ITOMOIIHU CTYJICHTaM B BBIITIOJIHCHUHU HpaKTI/I‘ICCKI/IX pa60T 110 AUCHHUIIJIIMHEC
«EH.01 Maremartukay.
. CII0COOCTBOBATH OCBOCHHUIO OOIIMX KOMIIETEHIIHIA:

OK. 1. IToHMMaTh CyIIHOCTh U COIMAJIBHYIO 3HAUUMOCTh CBOeW Oynymeil mpodeccun,
MPOSIBIISITh K HEW YCTOMYUBBIN MHTEPEC.

OK. 3. IlpuHuMate peuieHus B CTAaHAAPTHBIX M HECTAHIAPTHBIX CUTyalUsX M HECTH 3a
HUX

OTBETCTBEHHOCTb.

OK.4. OcymiecTBasATh MOKWCK W MCIOIB30BaHUe WH(OpMAIUU, HE0OX0uMoi utst dddek-
TUBHOTO BBIMOJHEHUS MPOPEeCCHOHATBHBIX 3a]1a4, TPO(PECCHOHATBLHOIO U JIUYHOCTHOTO Pa3BH-
THSL.

OK.5. Mcnonp3oBaTh WHPOPMALIMOHHO-KOMMYHHUKAIIMOHHBIE TEXHOJIOIHU B Mpodeccuo-
HAJILHOU EITENbHOCTH.

OK 8. CaMOCTOSITEHHO ONPENeNATh 33Jjaui POPEeCCHOHATBHOTO U IMYHOCTHOTO pa3BU-
THS1, 3aHUMAThCSl caMO00pa30BaHUEM, OCO3HAHHO TUIAHUPOBATH MOBBIIIECHNE KBATHPUKAIIUIH.

OK 9. OpueHTupoBaThcs B YCIOBUSAX YaCTOW CMEHBI TEXHOJIOTHI B MpOodecCHOHATHHON
NeSITEIbHOCTH.

[IpakTuyeckue 3aHATHA TMPOBOIATCS C LENbIO CUCTEMATH3allMU M yIIIyOJeHUsS 3HAHUM,
MOJIyYEHHBIX TIpH u3ydeHun aucuurumeabsl «EH.01 MartemaTtukay, mpakTHYecKod OTpabOTKH
00yYaroImnUMHCs HAaBBIKOB M0 MAaTEeMaTHKE, 3aKPEIUICHUS TEOPETHUECKUX 3HAHUM.

B pe3ynbrate ocBoeHUS Y4eOHOH TUCIUTUTHHBI O0YYaIONTUIICS TOJDKEH YMETh:

- BBITMOJHATh apuUpMeTHUeCKrUe NEeUCTBUS HAJl YHUCIaMM, COYeTasl YCTHbIE U NMHUCbMEHHBIE
MPUEMBbI; HAXOJIUTh MPHUOIMKEHHbIC 3HAYCHHSI BEIMYWH WU TOTPEUTHOCTH BBIYHCICHUN
(abconroTHAs 1 OTHOCHUTEIbHAS ); CPABHUBATH YHCIIOBBIE BBIPAYKEHNS,

— HAXOAWTh 3HAYEHUS] KOPHS, CTETEHH, JIorapru(ma, TPUTrOHOMETPUUECKUX BBIPAKEHUN Ha
OCHOBE OIIPEJIEIICHUS, UCITIONB3Ysl MPH HEOOXOIUMOCTH WHCTPYMEHTAIBHBIE CPEICTBA;
MOJIb30BATHCS IPUOTMKEHHOM OIIEHKOM MPH MPAKTUYECKUX pacuerax;

— BBITIOJHATh TPe0oOpa30BaHUsl BBIpAXKCHUH, MNpUMEHSIS (OPMYJBI, CBSI3aHHBIE CO
CBOMCTBAaMHM CTETICHEH, ToTapu(MOB, TPUTOHOMETPHUECKUX (PYHKITHI;

— BBIUMCIIATh 3HAYeHHE (YHKIMHM TO 33JaHHOMY 3HAUYEHHUIO apryMEHTa IMPH Pa3IUYHBIX
cnoco0ax 3afanus QyHKINH;

- ONpe/eNATh OCHOBHBIE CBOMCTBAa YHCJIOBBIX (YHKIMHA, WUIIOCTPUPOBaThH HX Ha
rpadukax;

- CTpOUTHh TpaduKH W3yYECHHBIX (DYHKIWN, WUTIOCTPUPOBATH MO TpaduKy CBOHCTBA
AIIeMEHTAPHBIX (PYHKIIHIA;

— UCTIOJTb30BaTh MOHATHE (DYHKITUH JIJISl ONTMCAHUS M aHAJIN3a 3aBUCUMOCTEH BETTUYHH;

- HAXOJWThH IMPOU3BOTHBIC AIIEMEHTAPHBIX (DYHKIIHIA;

- MCIIOJIb30BaTh MPOU3BOAHYIO JUIS U3YUYEHHs CBOMCTB (DYHKIIUIN U MOCTPOCHUS IPaPUKOB;

— NPUMEHATh TMPOU3BOJHYIO JUISl MPOBEACHUS TNPUOIMKEHHBIX BBIYUCICHUN, pElIaTh
3aJaud TPUKIATHOTO XapaKTepa Ha HaxO0XJEHHE HauOONBIIET0O W HAaWMEHBIIETO
3HAUEHUS; BCEX 00ACTIX YeIOBEYECKOU ACSITENbHOCTH;



— BBIUMCIIATH B TPOCTEHIIMX CIydasX IUIOMATd ©U OOBEMBI C HUCIOJIb30BAHUEM
OTIpeICIEHHOTO UHTETPaa;

— peliath palMoOHaNbHBIC, TOKa3aTellbHbIe, JOrapuMUYECKUE, TPUTOHOMETPUUYECKUE
ypaBHEHHUs, CBOJIAIIMECS K JUHEHHBIM M KBaJpaTHBIM, a TaKKe aHAJIOTMYHBIC
HEPABEHCTBA U CUCTEMBI;

— UCTIOJIb30BaTh TPaUIECKUI METO/I PEIICHUsI YPAaBHEHUN 1 HEPABEHCTB;

- n300paxkaTh Ha KOOPJAMHATHOM TUIOCKOCTH PEIICHUS YPAaBHCHU, HEPABCHCTB U CUCTEM C
JIBYMSI HCH3BECTHBIMU;

— COCTABIISITh U peIaTh YPABHCHHS U HEPABEHCTBA, CBSI3BIBAIOIINE HEU3BECTHHIC BEIIMIMHBI
B TEKCTOBBIX (B TOM YHUCJI€ MPUKIIAJIHBIX) 3a/1a4ax.

— pemiate mpocTeiiue KOMOMHATOPHBIE 3aJaud METOJOM TMepebopa, a Takke C
UCIIOJIb30BaHNEM M3BECTHBIX (OPMYIL;

- BBIUKCIISATH B MPOCTEUIINX CIydasx BEPOSTHOCTH COOBITUN HAa OCHOBE MOJCYETa YHcia
HCXOJIOB;

— pacro3HaBaTh Ha YEpPTe)KaxX M MOJACIAX IPOCTPAHCTBEHHBIE (OPMBI, COOTHOCHTH
TpeXMEpHBIE OOBEKTHI C UX OMMCAHUSIMH, U300PaKCHHSIMH,

- OMHKCHIBATh B3aMMHOE pPACMOJOXKEHUE TPSIMBIX M IUIOCKOCTEH B MPOCTPAHCTBE,
apryMEHTHPOBATH CBOM CYXJICHHUS 00 TOM PACIIONIOKCHHH;

— AQHAIM3UPOBATh B MPOCTEUIIMX CIydasX B3aUMHOE PACIOJNIOKEHHE OOBEKTOB B
MIPOCTPAHCTBE;

- n300paxkaTb OCHOBHBIE MHOTOTPAaHHUKHA M KpPYIJIbIE TeJa; BBIIOJIHATH YEPTEXH IO
YCIIOBHUSIM 3a]1a4;

- CTPOMTH MPOCTEUIITNE CeUCHUS Ky0a, IPU3MBI, ITHPAMUJIBI.

- pelaTh MIaHUMETPUYECKUE U MPOCTEHIINE CTePeOMETPUUECKHE 3a/1a4ll Ha HaXOXKICHUE
r€OMETPUUYECKUX BEJTMYUH (JIJIUH, YTJIOB, IJIOIa /e, 00bEMOB);

- UCIIOJIb30BATh MPH PEIICHUU CTEPEOMETPUUYCCKUX 3a7ad IUIAaHUMETPUYCCKUE (aKThl U
METO/IBI,

- MPOBOJMTH JOKA3aTEIbHBIE PACCYKICHHS B XOJI€ PEIICHUS 3a7ad.

B pesynbpTate ocBoeHUS yueOHOM TUCIUIUTMHBI O0YYarOIIHICS JOKEH 3HATh:

- 3HaUEeHHE MaTeMaTHYeCKOM HAayKH IJid PCIICHHA 3aJad, BO3HUKAOIIUX B TCOPUHU U
IMMPAKTHUKE, MHUPOTY U B TO KC BPEMs OIrpaHUYCHHOCTH IMPUMCHCHUA MATEMATHYCCKHUX
METOJIOB K aHaIIM3y M UCCIIEIOBAHUIO MIPOIECCOB U SBICHUI B MPUPOIE U OOIIECTBE;

- 3HaYEHUE TMPAKTUKU U BOMPOCOB, BO3HUKAIOIIMX B CaMOl MareMaTHKe s
dbopMupOBaHUS U Pa3BUTHUSI MaTEMAaTHUECKON HAYKH; HCTOPUIO PA3BUTHS MOHSATHUS YuCa,
CO3aaHUsI MAaTECMAaTUUCCKOT O aHAJIM3a, BOSHUKHOBCHUS U Pa3BUTHUA I'COMCTPUU;

- YHUBEpCAJIbHBIM XapakTep 3aKOHOB JIOTMKM MAaTeMaTHYECKUX paCCyXICHUM, HUX
MPUMEHUMOCTH BO BCEX O0JIACTSAX YEIOBEUYECKOU NEeSTENIbHOCTH;

- BEPOSTHOCTHBIN XapaKkTep pa3IMuHBIX MPOIECCOB OKPYKAIOIIETO MHUPA.

B pesynbrare ocBoeHuss y4ueOHOW AWCHMILIUHBI OOYYAIOIIUKCS JOJDKEH BIAJIETh
MIPaKTUYECKUMH HaBbIKAMHU PEIICHUS IPUMEPOB U 33/1a4 IO MATEMATHKE.

IIpn oueHke 3HAHMIA OOYYAKOIIMXCH MCIOJb3YeTCSl MIKAJA OIEHKH 00pa3oBaTesib-
HBIX JOCTUXEHHIA:



[IporneHT pe3ynbTaTUBHOCTH (ITPaBUIIBLHBIX

OI_[CHKa YPOBHA MOATOTOBKHA

OTBETOB) Baut (oTMeTka) | BepOaabHBIN aHaIor
90+ 100 5 OTIIUYHO
80 + 89 4 XOpOIIO
6079 3 YAOBJIETBOPUTEIIBHO
Menee 60 2 HEYJIOBJIETBOPUTEIHLHO




2. IlepeyeHb NpaKTHYECKUX PA0OOT

Kozn-
HanmenoBanue pa3znennos u tem Ne Tema npaktudeckoil paboThI BO
4acoB
Pa3nea 1. OcHOBHBIE NOHATHS U METOAbl MATEMATHYECKOI0 AHAJIHN3A
Tema 1.1 Inddepennnansaoe 1. | BoluncneHue nporu3BOHBIX BBICIIUX 2
UCYHCIIEHUE MIOPSIIKOB
2. | Beruucnenue guddepennuanon 2
3. | Pemenue npocreimmx auddepeHmans- 2
HBIX YpaBHEHUH MEPBOT0 NOPSAKA
Tema 1.2 UccnenoBanue 4. HccnenoBanue GyHKIUH TPU TTOMOIIN 2
(GYHKIMU TIPU TTOMOIIH IIPOU3BOIHBIX
MIPOU3BOAHBIX 5. | UccnenoBanue u mocTpoeHue rpadukoB 2
CJIOKHBIX (PYHKIUH
Tema 1.3 6. | OCHOBHBIE METO/IBI HHTETPUPOBAHMS 2
NHTerpasibHOE NCUYUCIICHHE
Tema 1.4 Boruncnenue miomaneit | 7. | Pemenue npuxnagasix 3aaa4 (IIpunoxenus 2
C TIOMOLIBIO UHTETPAJIOB. OTIpeIeIEHHOT0 UHTETpaa)
[Tpunoxenus onpenesseHHOro
MHTErpajia
Pa3nea 2. OcHOBBI TeOpHHU BEPOATHOCTEH U MATEMATHYeCKOI CTATUCTUKH
Tema 2.1 OcHOBHBIE IOHATHSA U 8. | Pemenue 3a1a4 Ha MpaBUIIO IPOU3BEIECHUS 2
METO/Ibl TEOPUHU BEPOATHOCTEN U IEpEBO BapUaHTOB, NIEPECTAHOBKU
9. | Pemenue npocteimmux KOMOMHATOPHBIX 2
3a1a4y
10. | Pemenue npocTteimunx 3aaa4 0o TEOpUu 2
BEPOATHOCTEMN
Tema 2.2 Beenenue B MaTeMaTH- 11. | Pemrenue 3aga4 nmo teMe «MaTemMaTuueckas 2
YECKYIO CTATUCTUKY CTaTUCTHKA»
Paznen 3. DiieMeHTHI JIMHEHHOH aJredpbl
Tema 3.1 OcHOBHEIE TIOHATHUS U 12. | Onepauuu HaJ MaTPULIAMH U OTIPEICIIUTE- 2
METObI IMHEHHOM anredpsl IIIMHU
13. | Pemenue 3aa4 Ha HAXOXKICHUE ONPEACIIH- 2
TeJIs, MUHOPA, OOpAaTHON MaTpHLIBI
Tema 3.2 Metojs! pelieHus 14. | Pemenue cucteM TMHEHHBIX ypaBHEHUI 2
CUCTEM JIMHEMHBIX MaTPUYHBIM METOJI0M
anredpanvyecknux ypaBHEHUH 15. | Pemenue cucreM TMHEWHBIX YpaBHEHUH C 2
TpeMmsi Heu3BeCTHbIMU MeTojoM Kpamepa
16. | PemeHune cucreM IMHENHBIX YpaBHEHUN C 2

TPEM HCU3BCCTHBIMU METOJAOM Faycca

Pa3zgea 4. KoMmiiekcHbIe YHcaa




Tema 4.1 Teopust pyHKIIUN 17. | Pemenue 3a/1a4 Ha CIIOKEHUE U BRIYUTAHUE 2
KOMIUIEKCHOW NTEPEMEHHON KOMILJIEKCHBIX YHCENl B aJre0pandeckoit
dhopme
18. | Pemenune 3aga4 Ha YMHOXKEHHUE, I€TICHUE 2
KOMIUJIEKCHBIX YHCEJI B TOKA3aTEIbHOU
dhopme
Hroro 36

3. lloaAroroBKa u NOPAIOK MPOBEACHUS NMPAKTHYECKUX 3aAHATHI

[ToaroToBKa K MPOBENCHUIO MPAKTHYECKUX Pa0dOT BKIIFOYACT MOJATOTOBKY MPEIIOAaBaTENs,
oOyJaromuxcs 1 KaOWHEeTa MaTEMaTHUKH.

[TonroroBka mpernojaaBarensi COCTOMT U3 aHaiu3a (HOpM M METOJOB MPOBEICHUS TaHHOU
paboThI ¥ IOJTOTOBKHY 3aaHUMN JIJISl 00YYarOITIXCSI.

[ToaroroBka oOyuaromuxcs 3aKIOYaeTCsl B MPEIBAPUTEILHOM TMOBTOPEHHUU TEOPETHYE-
CKOTO  Marepuaja U COACPIKAHUS MPEAbIIYIINX MPAKTUICCKUX PaOOT.

B moaroroBky xabmHeTa MaTeMaTUKU BXOMST MPOBEPKA UCTIPABHOCTH KOMIIBIOTEPA, HAJIH -
Yusl JOCTYTA K CETH MHTEPHET, HATMYMS M KOPPEKTHON pabOThI BCEX HEOOXOAMMBIX JIJISl BBITON -
HEHUS pabOTHI MPOTPAMM.

Jlo Hauvana pabGoThl mIpenojaBaTeib MPOBOIHUT IMOSICHEHHE TEOPETHUYECKUX MOMEHTOB
MPaKTUYECKON pabOoTHI.

[To oxoHUaHMM MpaKTHYECKOW pabOThI MpenoaBaTeib OLUECHUBAET PadOTy 00YyUarOIUXCs
B COOTBETCTBUH C KPUTEPHSIMHU OLCHUBAHHUSI.

4. UndopmanuoHHoe odecneyeHue 00ydeHust

OCHOBHBIE HCTOYHUKH:
1.boromosnoB H.B. Maremaruka. M.: FOpaiit, 2019 . DOV

JlonoJIHUTENbHBIE UICTOYHUKHU:
1.Kpemep H.IL. Dnements! nuneinoi anredpsl. M.: FOpaiit, 2019 r. 20V

J1 MHGOPMALMOHHO-KOMIIBIOTEPHOI TOJAEP:KKH Y4eOHOro mnpouecca HCHOJIb3YIOTCS
clelylolHe MPOrpaMMHBbIe CpeIcTBa, peajM3yeMble ¢ IOMOIIbI0O KOMIbIOTEpa, H
HHTEepPHeT-pecypcehl:

1. Bes oanemenrapHas Marematuka: CpenHssi MaTeMaTHUeCKass HMHTEPHET-IIKOJIA
http://www.bymath.net

2. JIuaakTHYecKue MaTepUaTbI o uH(popMaTUKe " MaTeMaTHKe -
http://comp_science.narod.ru

3. 3agauu mo reoMeTpun: HH(HOPMAIIMOHHO — MMOUCKOBAs cucteMa - http://zadachi.mccme.ru
4. 3amavHUK IS MOATOTOBKH K OJMMITHAIaM II0 MaTeMaTHKe - http://tasks.ceemat.ru
5. VHTepaKTHBHBINA CIIPAaBOYHUK (OPMYIT M CBEICHHUS 110 anredpe, TPUrOHOMETPHHU, TEOMET-

pun, pusuke. http:/www.fxyz.ru/
6. HurtepHeT-0mbMMoTEeKa PU3MKO-MaTeMaTHUYECKOW TUTepaTypsl http:/ilib.mccme.ru
Uctopus matemaruku. buorpadun Beankux MateMaTHKOB - http://mathsun.ru/
8. MaremaTtuka B adhopusmax http://matematiku.ru

~



http://mathsun.ru/
http://www.fxyz.ru/

10.

11

12.

13.
14.

15.
16.

17.

Marematika B TOMOIIb HIKOJIBHUKY M CTYJCHTY (TECTBl IO MaTeMaTHKe OHJIAITH)
http://www.mathtest.ru
Matematuueckuit xxypHan "Ksant" http:/kvant.mccme.ru

. Martepuansl uid MaTeMaTU4eCKHMX KpPYXKKOB, (paKyJlIbTaTUBOB, CIELKYpCOB -

http://www.mathematik.boom.ru

OcHoBHbIE (opmyInbI 1O anredbpe W TEOMETPUHU: TOXKIECTBEHHBIE MPeoOpa3oBaHMUs,
MIPOTPEeCcCuu, MPOU3BOIHAS, CTEPEOMETPHS U Mpou. - allmatematika.ru

[Tmanera "Matemaruka" http://math.child.ru

[Tone3Hple CCBUIKM Ha CaWTBl MaTeMaTH4ecKoW W 00pa3oBaTelbHOW HaNpaBIICHHO-
cTH: YueOHble MaTepHualibl, TeCThl - http://www.exponenta.ru/educat/links/l educ.asp#0
[Topran Allmath.ru — Bcs MmaTematuka B ogHOM MecTe http://www.allmath.ru

[Topran Math.ru: OubMMOTEKa, ONMMMITHANBI, 33aJa4d, HAYYHBIC IIKOJBI, YYHTEIbCKAs,
ucTopus mareMaTuku http:// www.math.ru

[TpuknagHas MaTeMaTHKa: CIIPaBOYHUK http://www.pm298.ru
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5. IlpakTudyeckue padoThI

[Ipaktruueckas padora Ne 1
BoblunciieHHe MPOU3BOIHBIX BHICIINX MOPSIKOB

Hean padoTbi:
Hcnonb3ysi TEOpeTHYECKHid MaTepuan W oO0paslbl pEIIeHUs 3a7ad, PEHIuTh MPUMEPhl MO TeMe

«Bpruncienne npou3BoaHbIX U AU (HEPEHIINATOB BHICIINX MOPSIKOBY.

KpaTtkue TeopeTnyeckne cBeIecHUs:

ITpaBuia nuddepeHuupoBaHus

1) (utv) =u'tv';
2) (uxv) =u'xv+v'xu  Byacraoctn (cu) = cu';
u, u'xov-v'xu
)=
v v
4) y'(x)=y'(w)xu'(x), ecnimy = f(u),u = p(x);
1
x'(y)

5) Y'(x)= ,ecmd V=f(x) u x=¢(y).

Dopmy.sbl AuddepeHuMpoOBaAHUA

1.(C) =0

‘ 1
2.(u”) =axu”", B 4aCTHOCTH, («/;)': :
2u
3.(a")" =a",B yactHoCTH, (¢") =e€";
1
, ByactHoctH, (Inu)" =—;
ulna u

e mEe == wm e =

4.(log, u) =

— e W e o me mes e TR T — == A R e e =

= _ o ==

M = m e == G om T e R T ——— - — oM o m e e w7 ———
—— 1 -

- = | SR

M e e e T AT o wm e —_— =

E ——

T

S

IIpuMepsI HAX0KAEHUA MPOU3BOAHOM YJIEMEHTAPHBIX (PYHKIMI:

y= (x3 +3x7 —5)><0";

1)y = (3,’62 + 6x)>< e+ (x3 +3x7 — 5)>< e' =(2x" +6x7 +3x7 —dx)x e

1
y = Xxarctgx — Eln X

2) y' = (x) arctgx + x(arctgx) - % X 1
x

1
1+x? 2x

= arctgx +

. (xl —l)l()(3 +l)—(x2 —lX)f2 +l)‘ _ 2)(()(3 +l)—(_>c2 +l)>< 2x _ 4x

t (.rz +l)2 (.x‘z + l)2




4) y=x"—cosx, wuaiimu y (0)

y =5x" +sinx, y(0)=5x0"+sin0=0+0=0

IIponsBonHas cji0KHOH M 00paTHOI PyHKUMIA

Omnpenenenne. [Tycts v = f(u) u u = @(x), Torna » = f(9(x)) - cnoxuas GyHKIHS ¢ TPOMEKYTOY-
HBIM apTyMEHTOM } U HE3aBUCUMBIM apryMEHTOM .

Teopema. Eciu ¢ynkuus u = @(x) umeer nmpoussogayro u'(x) B Touke ¥, a dyHkims y = f(u)
MMeeT IpoM3BOAHYI0 ) (1) B COOTBETCTBYIOIIEH Touke U = @(X), To cnoxHas Gynknus ¥ = f(@(x))
MMeeT Npou3BoaHYI0 V' (X) B Touke X koTopas Haxomutcs 1o gopmyiae V'(x) = y'(u)xu'(x) .

IIpaBui1o HaxX0kK/1eHUS MPOU3BOAHOM CJIOKHON PyHKIMUN:

JUIs HAXOXJICHUS TPOWU3BOJHOW CIOXHOW (DYHKIIMU HAMO MPOW3BOJHYIO IAHHOH (YHKIUH I10
MPOMEKYTOUHOMY apryMEHTY YMHOXKUTh Ha MPOU3BOJAHYIO MPOMEKYTOYHOTO apryMeHTa MO He3aBU-
CUMOMY apryMEHTY.

DTO0 MpaBUIIO OCTAETCS B CHIIE, €CIIU MPOMEXKYTOUYHBIX apTYMEHTOB HECKOJBKO.

Ilpumep. BerauciuTh NPOU3BOIHYIO CIOXKHON (PYHKINU:

1) y= ln(e“ +3e™ + l).

Pewenue:

Y= ln(€4\ e H): = (04‘ +e™ +1) =
et et w1

(In u_)' = l(u)'

i

n

r " —
Y , — n
(u + v) =u'tv'; (e’“ ) =ke'; (Wu™) =(u") =—u" u

m

()‘4\ +3 (22\+1)

2) v = _mr(;-(g(zx + 1)7 %ln(l + x°2 )

Peuwenue -
. \ o1 1 LY
v = (r) arctgx + x(af‘crg(zx + l)) ——x - (1 +x ) =
2 I+x
X ‘ 2x X X
= Ix arctgx + —————x( ) - ———— = arctgx + — _ :
1+ (2x+1)" 2(1+x7) 2x 4+ 2x+1 1+x"

OopaTHas pyHKuus

Onpenenenue. [Tycts 3amana Gyakmust v = f(x) ¢ obmacTeio onpenenennst D ¥ MHOKECTBOM  3HA-
yenuit F. Eciu KakaoMy 3HAYEHHIO » € £ COOTBETCTBYET €IMHCTBEHHOE 3HaueHWe X € D, To ompe-
nenena GyHknus X =@(y) ¢ o0macThio ompeaeraeHuss £ W MHOXecTBOM 3HaueHuit D (pucl). Taxast
GyHkmus x = @(y) HaszpiBaeTCs 0OpaTHOU K GyHKIMKH Y = f(X) M 3amuChIBaETCSA B CIEAYIONIEM BHJIE:
x=¢()=/"(»). Ipo ¢yskuuu x=¢(¥) m »y=/f(X) roBOpAT, 4TO OHM SBJIAIOTCS B3aHMHO

00paTHBIMU.
->f

v

A
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Ilpumepoi:
3 3
) y=—m x=—
X y
2) y=x+1 g x=y-1
3) y=2x-3 I/IJC:y—-’-3

(dnst Toro, utobel st GyHKiMu Y = f(X) HallTH 0OpaTHYr0 (QYHKIHMIO, HAaA0 NEPEMEHHYIO I
BBIPA3UTh YEpe3 MEPEMEHHYIO Y).

Teopema. Ecnu ¢pyukius v = /(¥) cTporo MOHOTOHHA Ha WHTEpBae (a;b) U UMeeT He PaBHYIO Hy-
mo mpousBoaHyro f (X) B MPOM3BOAHON TOYKE 3TOr0 MHTEpBala, TO oOpaTHas eif QyHkuus * = ()
TaKke HMeeT NpousBoaHylo ¢'(¥) B COOTBETCTBYIONIEH TOYKE, ONPEAENSIEMYI0 PaBEHCTBOM

1
')
ITpumep: 1. Tlonw3ysick npaBuiaoM TuddepeHpoBanus o0paTHON (HyHKIMHU, HAUTH MPOU3BOAHYIO
GyHKIHH v =3/ x — 1.
Pemenne: OGpartHas GyHKIHS x =y +1 HMeeT IPOM3BOAHYIO X ) =3 yz. CrnenoBaTenbHO,

, 1 1 1
y'\. =—=

Xy 3y? - 3><§/(x—1)2 )

P'(y) =

IHopsinox npoBeneHusi padoThbI:

Hcnonb3ys TeopeTudeckue CBeICHNS, BHITOIHUTE MPEUI0KEHHOE TPeroiaBaTesieM 3aaHnue, COOTBET-
CTBYIOIIUM 00pa3oM ohopMuUTh padoTy.

Ilepeyennb 3ananmii:

Bapmuanr 1
Haiinure mpou3BoaHy0 GyHKIIUN:

1) y:Z+3\/;—lg2x—3"‘

X
2 :cos[x+2—7zj—l [x—z)

) v 3 7% 2
3) »y=(3x" +8x’ +7x° —J3)
4) y=~+2-5x+(3x-5)°
3x-5)*

5) p=r

(2x-4)°

Bapmuanr 2

Haiigure npon3BoHy0 QYHKIIMH:

1) y:§f2\/;+cos3xfﬁf2“'
X

. 2 57
=sn| x———|—clg| x + —
2) Y ( 3j g( 6)

4
3) y—(4x(’ —7x? +9x+%}

4) y=(9x—1)° +J5-x7
(5-2x)°

>) (3x+7)"
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)
2)
3)
4)
5)

1)
2)

3)
4)

5)

1y
2)

3)
4)

5)

1)
2)
3)
4)

S)

Haiigure npons3BoaHy0 QYHKIIHH:

4
y:—+5\/;+ctg2x+5x
X

y=sin )c—z —tg[x+”
4 6

4
)/:[4963 —9x°? +3x—%j

y=(2x-9)" +3x—1
8—5x)*

yo =50
2x—-4)

Haiinure mpou3BoaHy0 QyHKIIUN:

1 .
y:sinSx——+6\/;—(34"
X

—cos[x—zj—t [x+2—”j
y 4 g 3

y=(8x°—25x* —8x+ 1)’
y=(3-8x)" +5-2x
_(4-8x)°
C(6-5x)°

Haiinute npon3BoaHyI0 GYHKINU:

y:—E+2\/;—ctg3x+5’\'
X

y= tg(x + ”J - Sin(x - ”J
4 3

y:(f 2x7 +4x° 7\/§x)4

y=(8x—7)> +/9-3x
(4x-9)*
(3-5x)

Haiigure npons3BoaHy0 QYHKIIHH:

y= —2 —7\/;+ sin2x — 0"

X

7[) ( 3
y=ctg| x+— |—cos| x——
[ 4 4

5
y—(%c5 -2x° +8x—§j

y=(3-8x) 1 V4 x3
_(4-5x)°
(4x+7)"

Bapuant 3

Bapmuanr 4

Bapuanrt 5

Bapuanr 6

14



[Ipaktuueckas pabora Ne 2
Boruuciienue nupdepenuuanon

eas padoThI:

Hcnonb3ys TeopeTHdeckuii MaTeprall M 00pasibl PeIICHHs 3a/1a4, PEIIUTh IPUMEPHI 10 TeMe «Bbramc-
nenue auddepeHIuagoBy.

Kpartkue TeopeTnyeckne cBelecHU:

[Ipasuia 1udpepeHuupoBaHus

1) (utv) =u'+0';
2) (uxv) =u'xv+0"xu  pyacraoctu (cu) = cu’;
u, u'xv-v'xu
3) (ty =V
v v
4) y'(x) =y (wyxu'(x), ecmmy = f(u),u = p(x) ;
1

x'(y)

5) Y'(x)= ,ecmd V= /(x) u x=o(»).

Dopmy.bl JupdepeHINpPOBaAHUSA

1.(C) =0

1
2.(u”) =axu”", B YaCTHOCTH, (Vu)' = ;
@) 23u

3.(a") =a",BuactHocTH, (€") =e€";

, 1 1
4.(log, u)"' = ———, BuactHoCTH, (InU) =—;
ulna u

= _ == Eomm o BT = e == e e = B T S = —_— = omm - = T e

- a -
e R e . -] —_— - = B e N a T E e e mome == - R e

S

Judpdepennnan pyHkuun
Onpenenenne. Eciu Gynxuus ¥ = f(X) nuddepenuupyema B Touke X , T.€. KIMEET B 3TOU TOUKE
KOHEYHYI0  MIPOU3BOJHYIO f(x), TO ee npupamieHue Ay MOXHO  3amMcaTb B BHUJE

Ay = F'(0AY + a(Ar)x Ax e 11N A(AY) =0

Ax—0
I'maBHas, TUHEHHAS OTHOCHTENBHO Ax uacTh f (¥)AX mpupamenus GpyHKIMM Ha3biBaeTcs audde-
peHIManoM QpyHKIMU 1 0003HAYAETCs dy:

dy=["(x)xAx,  (dy = f'(x)dx)

IMpu mocraToyHo Majbix Ay mpupaineHre (QYHKIUH NPHOIMKEHHO paBHO ee audpdepeHmnuany,
TO ecTh Ay =dy.
IIpumepsr:

1. Haiitu nuddepenuman GyHKIUH Yy = cosx + 5x°.

Pemenue:
Ucnons3ys popmyay, dv = f’(x)dx nomyuaem dy = (-sinx+10x)dx.
2. Jlnst pyuknun y=x’ —x° +1 Haiitk npupamenne Ay npu Ax =0,01px=—1,

Pemenue:
Hcnonw3zys Gopmyiy, dy = ['(X)x Ax nomyuaem @v =(x* —x? +1) x Av=(3x> — 2x )x Ax.
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Boinmonusis noncranoBky Ax = 0,01 yx = —1, HaxoAUM MpUpanieHue Ay :

Ay=(3X(=1) =2x(~1))=x0,01=0,05 Otset: A»=0,05

IHopsinok npoBeneHust padboThbI:

I/ICHOHB?)YSI TCOPCTUUCCKHUC CBCACHUS, BBINIOJIHUTH NPCJIOKCHHOC MPLCIIOAaBaTCIICM 3aJaHUEC, COOTBCT-

CTBYIOIIUM 00pa3oM o(hopMuUTh paboTy.

Ilepeyennb 3agannii:

Bapuant 1

Haiinure muddepenman GyHkumu:

1. yv=3x° +8x% +7x? —\/5
1 .
y:——5+2\/;—ctg3x+5“
X
y:(f 2x7 +4x° 7\/§x)4
Yy=(8x—7)" +49—3x

C(4x-9)*
5.7 7 (3 sx)

Sl S

Bapuanr 3

Haiinure muddepennuan GyHkuum:

1. y=7x"-2x° +8x—§

2. y27277\/;+sinx

X
3. v=03x"+8x° +7x* =3 )°

4, y=+2-5x+(3x-5)°

(3x-5)*
5. y=——+5-
(2x—4)°
Bapmuanr S

Haiigure muddepennman GyHKImu:

1. y=8x°—-25x—8x+rx

4
2. y=—+5Jx +crg2x+5"
x

4
3. y:£4x3 —9x? +3x—é}

4., y=(2x-9)"" ++/3x -1
_(8-5x)"
(2x—4)°

o

Bapuanr 2
Haiinure muddepennman GyHKuum:

y=4x° - 7x’ +9x+%

y:—§—7\/;+sian—(3“"
X

5
)/—(7)(5 - 2x° +8x—%)

Yy =(3-8x) +\4—x*
_(4-5x)°
C(4x+7)"
Bapmuanr 4
Haiinure nuddepennman GyHkuum:
y= 2x7 +4x° — \/gx

15
y=- +2\/x7 ctgX
by

4
)/—[4/\'6 ~7x° +9x+%j

y=(9x—1)° +/5-x?
C(5-2x)°
(3x+7)"

Bapuanr 6
Haiinure nuddepenunan QyHkumun:

> 1
y=4x" —9x? +3x—§

y:sin3x—l+6\/;—(f4"‘
X
y=(8x°—25x* —8x+ 1)’
y=(3—-8x) +/5-2x
C(4-8x)°
(6-5x)°

[Tpaxtuueckas pabora Ne 3

Pemienne npocreiimux Au@gepeHHATbHBIX YPABHEHHH NIEPBOro MOPSAAKa

Ileab: IIpoBepuTh Ha NpPAKTHKE 3HAHWE MOHATHS IU(PQPEPEHIIMATBHOTO ypaBHEHUs, BUABI Audde-
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pEHIMAJIbHBIX YpaBHEHWI, yMmeHHe pemath auddepeHranpapie ypaBHeHHs | mopsaka, HaXOAWUThH
oO11ee ¥ YacTHOE pelIeHHUE.
KpaTtkue TeopeTnyeckue CBeICHUA:

1. IuddepennuanbHoe ypaBHEHHE 1ePE020 NOPSAOKA, CONEPHKHUT:
1) HEe3aBUCHMYIO IEPEMEHHYIO * ;

2) 3aBUCHMYIO MEPEMEHHYIO © ((yHKIHIO);
f
3) HepBYIO MPOU3BOAHYIO DYHKIMH: * .
Pemnth mudyepeHImanbHoe ypaBHEHHE — 3TO 3HAYMT, HAWTH MHOXecTBO (yHkumit ¥ = fG)+C

KOTOpBIE€ YJOBJIETBOPSAIOT JAHHOMY ypaBHEHHIO. Takoe MHOXKECTBO (YHKIMI Ha3bIBaeTCsl OOLIUM
pemenueM audQepeHnanbHOro ypaBHEHUSI.

Ipumep 1
L

Permts auddepeHiuanbioe ypaBaenue > 2
s

dx
.

dx
B paccmaTtpuBaeMoM npumepe NEPEMEHHBIE JIETKO Pa3AeiIaioTCs EPEKUABIBAHUEM MHOKHUTEINIEH 10
MIpaBUITy MPOTIOPIIUH:
dy  dx
¥ X
[TepemenHble pazaeneHsl. B n1eBoil yacTi — TOJBKO «UTPEK», B MPABOM YaCTH — TOJIBKO «HUKCHD).
Crenyromuii aTan — uHTErprupoBanue auddepeHnnantbHoro ypaBHeHus. MHTerpupyem o0e yacTu:

¥

dy E
[2-[%
In|y|= n|x[+C

Pemenue nuddepeHnanbHOro ypaBHEHUsI B HEIBHOM BHJIE HA3bIBA€TCs OOIIMM MHTErpaioM nudde-

In|y|=tnfx[+C

PEHLHAIBHOTO ypaBHEeHUs. To ecTs, — 3TO OOUIMI UHTErpal.

Bwmecto 3ammcn n M =l |x| +C OOBIYHO TTHIITYT In M =ln |x|+ n |C| .

B nanHoM ciyuae:

In|y]=In|Cx|

y=0Cx

@OyHKIMS IpEeICTaBlIeHa B IBHOM BHJIE. DTO U €CTh 0011lee pelIeHHe.

. y=Cx roe O =const

MHOXecTBO (yHKIIHHA Y ;1A SIBJISICTCS] OOIITUM peteHreM nudepeHImaibHOro
L

ypaBuenus ¥ T

IpujaBasi KOHCTAHTE  pasiIudHBIC 3HAYCHUS, MOKHO MONYYUTh GECKOHEYHO MHOIO YAaCTHBIX pelle-
Hull tuddepeHuanbHOro ypaBHEHUSI.

IIpumep 2

f —_—
HaiiT yacTHOe pemenye I PepeHIUATBLHOTO yPaBHEHHS © 2y , YAOBJIETBOPSIOLIEE HAYATBHOMY
YCIOBHIO * =2
[o ycnoBuio TpeGyeTcsi HAWTH YacTHOe pemieHue /Y, ynoBieTBopsioliee HaYaIbHOMY YCIOBHIO.
Takast mocraHOBKa BOIIpoca TakXke HasbIBaeTcs sadauel Kowwu.
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CHayana HaxoAuM 0011ee pelIeHHe.

iy

B

&x 7

.:f__y =—2dx

¥
NHuTterpupyemM ypaBHEHHE:
| v 2| ax

¥

Inly|=-2x+C"
y= E—E:HC'
y= L

2%

y=Ce™, e = ronst

Htak, obmiee pemnieHue: . Ha 3aBepmiaromiem stane Hy>KHO HaWTH YacCTHOE

pellleHNe, YIOBIETBOPSIONIEE 3aJaHHOMY HAYQTLHOMY YCIOBHIO =2z
Heo6xomumMo moobpath Takoe 3HaYCHUE KOHCTAHTHI €', 4TO6BI BBIMONHSIOCH 3aaHHOE HAYANBHOE

ycnosue =2
B o6liiee peleHne BMECTO «HKCa» MOJICTABIISEM HOJIb, @ BMECTO «UTPEKa» JIBOMKY:

y=Ce =" =0=2
y=Ce™ . =2
B 0611166 PCUICHUC IIoACTaBJIIEM HAMACHHOC 3HAUYCHUEC KOHCTAHThI - =
2%
— 9TO0 U €CTh HY’KHOC€ HaM YaCTHOC PCIICHUC.

IIpumep 3

v=Zg

f _
Pemmts nudQepeHuanbHoe ypaBHeHHE +(2y +Dergr=0

Pemienne: HepCHI/ICBIBaCM MMPOU3BOJAHYIO B HY’>KHOM HaM BH/IC:
d

&Y 2y + Tietgx =0

ax

[lepeHocuM BTOpOE CllaraeMoe B IIPaByrO 4acTh CO CMEHOM 3HAaKa:
&
Y —(2y+ Nictgx
adx

dy
2y +1
[lepemeHHbIE pa3ielieHbl, HHTETPUPYEM 00€ YacTH:

)

_[ Y - —_[ ctgxadx

2v+1
J- v B J- cos xadx

= —¢igxdx

oy4+1
lld(2y+1)__]-d(sm x)
24 oy

s X

st X
Sin2y+1= —infsin a]+ i
Pemenne pacruiry odeHb nogpoOHO:

1
In[2y +1F =ln|sin 2"+ |

18



1
mJaH-_mE;ﬂ+mt

C
thH—-hk;;
SJay+l= _C

X

OTBeT: 001Kl HHTErPal: jey+1-sm x=C, rae U =conal

Ilpumeuanue: od1M HHTETPAT THOOOT0 YPaBHEHUS MOXKHO 3alMCaTh HE €IMHCTBEHHBIM CIIOCOOOM.
Taxum 0Opa3oM, eciii y Bac HE COBIAJI Pe3yJIbTaT ¢ 3apaHee U3BECTHBIM OTBETOM, TO 3TO €IIE HE 3Ha-
YUT, YTO BBl HENIPABUIIBHO PELLIUIIN YPABHEHHUE.

IIpumep 4

ey_”!dy —2xdx=10

Haiitu yactHoe penienue nugdepeHIuanIbHOro ypaBHeHUs , YIOBJIETBOPSIOLIEE

HAYaTbHOMY YCIIOBHIO O=ha . BBIOJIHUTE ITPOBEPKY.

Pemenne: Crauana Halifiem oOiee pemieHue. [JlaHHOe ypaBHEHUE YKE COACPKUT roToBbie qudde-

PEHITHAIIBI dy u 9% | a sHaunr, pelleHue YIpouaeTcs.
Paznensiem nepeMeHHbIE:

a” -e'”zdy —Z2xdx=10
g” -e'x!dy = 2xdx
2xedx

M —
e Cf_}’— é‘_xz

g¥dy = Dxe" dx
WHTerpupyeM ypaBHEHHUE:
Ié‘ydy = E_I-xex!dx

Ieyciy = Iex!d(xgj

e’ =" +C
Ine” =lnfe" +0)
y=ln(e" +C)

Oob1ee pemieHue:
y=In(e" +C), rae C = const

HaiineM yacTHOE penieHue, COOTBETCTBYIOLIEE 3aJaHHOMY HA4aJIbHOMY YCIIOBUIO yO=hz
In2=1In(e" +
In2=n{1+C = =1

YO =ln(e" + ) =ln( 1+ ) =2 =C =1

IToxcTaBisieM HalieHHOE 3HAUEHNE KOHCTAHTEI C=1g oO111ee perieHue.

_ %’
OTBeT: yacTHOE peleHue: * Infe” +1)

[opsaok npoBeaeHust padoThbI:

Hcnonp3ys TeopeTndeckre CBEICHUS, BBHITIOIHUTD MPEATIOKEHHOE MTPETIOIaBaTeNIeM 3a/1aHue, COOTBET-
CTBYIOIIUM 00pa3oM ohopMuUThH padoTy.
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Ilepeuennb 3axanmii:

Bapuanr 1
1. Haittu o6miee pemenue auddepeHnaasHOoT0 YpaBHEHHS K pa3aesioNMMUCS TIEPEMEHHBIMU.

x}r'—}r =1

2. Haiitu yactHOe perienue nudpepeHIaabHOro ypaBHEHUs ¢ pa3aesoUMUCs IepEeMEHHBIMU.

tgx*y =1+7vy, eciu
I7 1

3.Haiitu pemenne ogqHOpoAHOTO MU GEpeHINATBFHOTO YPaBHEHUS IEPBOTO MOPSAKA.

JJ'}I'I = 2}1— T

Bapuanr 2
1. Haiitu o61ee pemenue qudQepeHnaabHOro ypaBHEHUS C pa3AessSoIMUCs IepEeMEHHBIMU.

xy +y =0

2. Haiiti yactHoe penieHue nuddepeHuaibHOT0 YpaBHEHHS C pa3IeIIOIUMUCS IEPEMEHHBIMH.

(1—x2)g+xr—{] ectux =0,y =4
d_}’ y =4, ! =Uuy=

3.Haiitu pemienue oqHopoaHoro audpepeHnuaisHOro ypaBHeHUs IIEPBOTO MOPSIKA.
x4+ yi—2xy*y =0

Bapuant 3
1. Halitu o61iee pemenue quddepeHanbHOro ypaBHeHHs! ¢ pa3eiSioIUMUCs TEPEMEHHBIMH.

yy'—|—x= 0

2. Haiitu wactHOe pemienue nuddepeHaabHOro ypaBHEHUs C pa3AesoUMUCs IIePEeMEHHBIMU.

dy +ydyxdx=0,eciux=0,y=1
3.Haiitu pemenne oqHOpoAHOTO U dEepeHINaTbHOI0 YpaBHEHUS IEPBOTO MOPSAKA.
xz}xl = _}12 + Xy

Bapmuanr 4
1. Haiitu o61ee pemenue qudpepeHuaabHoro ypaBHEHUS ¢ pa3AeisoUMUCs IePEMEHHBIMU.

X2y +y=0

2. Haiiti yactHoe peuienue nudepeHualbHOr0 YpaBHEHHS C pa3IeIIOIUMUCS IEPEMEHHBIMH.

Zx—l_dx Gy —0
}1+1 —d:}!,E‘C-'IHX— 'Y=

3.HaiiTu permenne omHOpOAHOTO AU(HEPEHIINATHHOTO YPaBHEHHUS TIEPBOTO MOPSIIKA.
xz}rzl}r + }ng =1

Bapmuanr §
1. Haiitu o6ee pemenue qudQepeHnaibHoro ypaBHEHUs K pa3aessoMUCs TepeMEHHbIMU.

:}JIZ}J

2. Haiiti yactHoe peuieHue nuddepeHaibHOr0 YpaBHEHHS C pa3aeIOIUMUCS IEPEMEHHBIMH.

(1+y)dx—(1—x)=0,ecrux=0,y=1
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3.Haiitu pemenne ogqHopoaHOro 1uddepeHanbsHOro ypaBHeH!s IEPBOro MopsiaKa.

xytdy = (x* + y*)dx

Bapuanr 6
1. Haiitu obmiee pemenue nuddepeHnanbHOro ypaBHEeHUS K pa3AesSIONUMUCS EPEMEHHBIMU.
x2y +y=0

2. Haiitu yacTHOe pemieHue qudQpepeHInaIbHOro YpaBHEHUS ¢ pa3AesIIOIMMUCS IEPEMEHHBIMHU.
2y =y,eciux=0;y=1
3.Haiitu pemenue ogHOpoIHOTO AU HEpEeHIINATEHOTO YpaBHEHUS TIEPBOTO TOPSIIKA.

(x* —2yH)dx + 2xy dy =0

IIpakTnueckas padora Ne 4
Hccnenoanue pyHKUUM MPH MOMOLIU NPOU3BOAHBIX

[leab padoThl:
Hcnonp3ys TeopeTHuecKuil Matepuai 1 00paslibl pelIeHus 3a1a4, pelmTh npuMepsl mo teme «Mcce-
J0BaHUE (YHKLUHU IPU MOMOIIM NPOU3BOIHBIX. VccienoBaHue M MOCTPOEHUE IPapUKOB CIOXKHBIX

byHKUIHI.

Kpartkue TeopeTnyeckne cBeIecHU:

Hccaenopanue GyHKIMH IPH MOMOLIY POU3BOAHBIX
Hexoropsie Teopembl 0 1 pepeHupyeMbIX GPYyHKIHUAX
Teopema Posuasi. Ecu dyukims v = f(X) HempepsiBHA Ha oTpeske [@; b], nuddepenuupyema Ha
uHTepBaie (a;b) M HA KOHIAX OTPEe3Ka PHHHMAET OHHAKOBBIE 3HaueHns f(a)= f(b), To Haiinercs xoTs
OBl 071Ha TOuka C € (a;b), B KoTOpoii mpou3BoHas / (x) obpamaercs B Hyqb, T. €. f (¢)=0,
Teopema Komm. Ecmu dynkuum ¥ =/(¥) u » = @(xX) HenpephIBHE Ha oTpeske |a:b], nudde-
peHIMpyeMbl Ha uHTepBaie (a;b), npudem ¢ (x) =0 mig X € (a;b) To Halimercs XoTa GBI OJHA TOYKa

J(B)-r(a) _s(c)

C € (a;b) Takas, 4yTO BBIIIOJIHACTCS PABECHCTBO =—7.
(®0) P olb)-ola) ~ 0'(c)

Teopema Jlarpam:xka. Ecin gynkuus v = /(¥) HenpepbiBHa Ha oTpeske |« b], nuddepenmupyema
Ha MHTepBane (a;b) M Ha KOHIIAX OTPe3Ka NPHHUMAeT oauHakoBble 3Hauenus /(a)=f(b), To Haiimercs
XOTs1 6B1 01HA TOuKa C € (a;b) Takas, uto BeMONHETCs paBeHcTBO f(h)— f(a)= 1 (c\b - a).

CneacrBue 1 Eciu nmpon3BoHast HEKOTOPOH (DYHKIIMU Ha MPOMEXKYTKE paBHA HYJIIO, TO (QyHKIUS
IIOCTOSTHHA Ha 3TOM IPOMEXYTKE.

CaencrBue 2 Ecnu nBe (yHKIIMM MMEIOT paBHbIE MPOU3BOJHBIE HA HEKOTOPOM MPOMEXYTKE, TO
OHH OTJIMYAIOTCS IPYT OT JIpyTa Ha TOCTOSHHOE ClIaraeMoe.

Bo3pacranmne u yObiBaHue PyHKUMT

Teopema 1. (HeoOxonumsele ycnoBus). Eciu nuddepennupyemas Ha uHTepBajie (a;b) QpyHkuus
v = f(x) Bo3pacraer (yowiBaer), To f'(x)20 (f'(x) <0) nusa moboro x € (a;b)

Teopema 2. (mocrarounsie ycioBus). Ecin ¢yukums v = f(x) muddepeHuupyemMa Ha HHTEpBAIC
@by m f'(x)>0 (f'(x)<0) ana moboro x € (a;h), To sTa PpyHKUMsA Bo3pacTaeT (YObIBAacT) Ha MH-
TepBaiie (a;b).

Teopemsr 1 1 2 MO3BOJISAIOT TOBOJIBHO MPOCTO MCCIIEIOBATH (PYHKIIUIO HA MOHOTOHHOCTH ((pyHKITHS,
yOBIBalOIIasi MM BO3PACTAIOIIas, HA3bIBACTCS MOHOTOHHOM).

Hpumep. Vccnenosats dpyHkimio f (X) =x’-3x-4 Ha MOHOTOHHOCTb.

Pemenue:
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X € R = (—o0;+0)
F(x)=3x"=3=3(x-Dx(x+1)
+ - +

v

-1 \ 1
()20 mpu x € (—oo;—1]w[1;+0)
f'(x)<0 mpu x e [—1:1]
OrtBer: manHas GyHKIMS Bo3pacraer npu X € (—o;—1][l;+9) y yopiBaer x € [—1:1]

MakcuMyM 1 MUHUMYM (pyHKIUI
Teopema (HeoGxoammoe ycaosue). Ecnu nuddepenmupyemas ¢yukius » = /f(X) uMeer sKc-

TPEMyM B TOUKE X, TO ee MPOM3BOIHAS B 9TO TOUKe paBHa HyI0: f (X)=0.
Teopema (10cTaTouHoe yciaoBue 3KcTpemyma). Ecin HenpepsiBHas Gpyukius ¥ = /(x) audde-

peHIHUpyeMa B HEKOTOPOH 0 -OKPECTHOCTH KPUTHYECKOH TOYKH X M IIPH IEPeXoJe 4epe3 Hee (cneBa
Ha IPaBO) NPOM3BOAHAsA / (X) MEHSAET 3HAK C ILUIFOCA HA MHMHYC, TO X €CThb TOYKa MaKCHUMyMa, C MH-

HyCa Ha IUTI0C, TO X, - TOYKa MUHHMYMA.

Y100HO HCTIOIB30BaTh APYTOW JTOCTATOYHBIN MPU3HAK CYIIECTBOBAHUS DKCTPEMyMa OCHOBAHHBIM
Ha OIPEJIEIICHUU 3HaKa BTOPOM IIPOU3BOJIHOM.

Teopema. Eciu B TOuKe ), mepBas npousBoaHas QyHKIMH y = f(x) paBHa Hymo (f'(x)=0), a

BTOpasg OPOU3BOJHAS B TOUYKE ), CYIIECTBYET U OTJIMYHAA OT HYJIA "(x)#0), Tonpu f"(x,)<(0 B TOU-
p p 0 Y Yy Y . pa 0

Ke X, QYHKIHMS HMEET MAKCUMYM U MUHUMYM - IpU f"(x,) > 0.

Boeinykiaocts rpaduka pynkuun. Toukn nepernda
Touka rpaduka HempepsiBHOW QyHKIMH V = f(X), OTAENAIONas €ro 9acT PasHOW BBITYKIOCTH,
HA3bIBACTCSI TOUYKOM Meperuoa.

Teopema. Eciu ¢yukius ¥ = f(x) Bo Bcex Toukax MHTepBaia (a;b) UMEET OTPUIATENBHYIO BTO-
pyto mpousBoaHyo, T.e. f (X) <0, To rpaduk GyHKIUN B 5TOM HHTEpBAaje BHIMYKIbIA BBEPX.

Ecmu sxe /"(x)>0 s mo6oro ¥ € (a;5) - rpaduk BBITYKIbIH BHUS.

Teopema (1ocTaTo4HOE YC/IOBHE CYIIECTBOBAHUS TOYeK mepern6a). Eciu Bropas nponsBoHas

/"(x) npu nepexone yepes TouKy X, B KOTOPOH OHa PaBHA HYJIIO WM HE CYNIECTBYET, MEHAET 3HAK, TO

TouKa rpaduka ¢ abcuuccoi X, ecTh TOUKa neperuoa.

AcumnToTtsl rpadpuka GQyHKIUN
AcuUMITOTON KPUBOW HA3bIBAETCS MPsIMasi, paCCTOSIHUE JO KOTOPOM OT TOUKH, JieXKallel Ha KpUBOH,
CTPEMHUTCS K HYJIIO IIPY HEOTPAaHUYEHHOM YAAJICHUH OT Hadaja KOOPIUHAT 3TOM TOYKH 110 KPUBOM.
AcuMITOTHI ObIBAIOT BEPTUKAJIBHBIMU, HAKIIOHHBIMU M TOPU30HTAJIBHBIMH.
[psiMast x=a SBIACTCS BEPTHKAIBHOW acuMmmToTOW rpadmka ¢ydkuuu Y =/(x), ecnu

[im /(0 =0 e 1m0 =% s [1m S () =0
Y—a x—a-0 x—a+0)
Ecmu cymectByer HakioHHas acumnrora y=Rx+b, To R u b HnHaxomurcs mno dopmyne:

R ZlimZ, b:1(i_r>£l(y—Rx).

Ecnu R=0, To y=b - ypaBHeHHE TOPU30HTAIHLHON aCHMIITOTHI.
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OO0mas cxema ucciaeq0BaHust PYHKIHMHU U MOCTPOCHHUS
rpagpuxka GpyHKuuu
HccnenoBanue GyHKIMM 11€71€CO00pa3HO BECTH B OINIPeIeIEHHON MOCIEeJ0BATEIbHOCTH.
. Haiit oGmacte onpenenenus QyHKIHH.
. Haiitu (ecau 3T0 MOXHO) TOUKH IiepeceueHust rpauka ¢ OCsIMM KOOPAUHAT.
. Haiiti uHTEpBaIIBI 3HAKONOCTOSHCTBA QYHKIMH (POMEKYTKH, Ha KOTOpBIX f (X) >0 umu [ (x) <0).
. BoisicHuTb, siBiseTcs M PyHKLIMS YETHON, HEUETHOW MM OOLLEero Buja.
. Haiitu acumnroTsl rpaduka GyHKIIUN.
. Haiitu uHTEpBaIIbl MOHOTOHHOCTH (DYHKITHH.
. Haiitu sxcTpeMmymbl GyHKITUH.
. HaiiTu nHTEpBaibl BRIMYKIOCTH U TOUYKHM Nepernda rpaduka pyHKINH.

03N N KW~

X
Ilpumep. ViccnenoBatb QyHKIUIO ) = o 1 TIOCTPOUTH €€ TpaduK.

1. x € (—oo;—1), (—L;1), (1 +0)
2. x=0,0)=0
Touka (0;0)- Touka nepeceuenus rpaduka ¢ ocsimu OX u OY.
3. Oyukuus 3uakonoioxurensHa (y>0) B uatepBaiax (—oo;—1) u (0:1) | sHakooTpuiaTens-
Ha—B (—10) u (13+0)
— X X

- SBJSETCA HEYeTHOI T.K. V(—X) = =—y(x). Cne-

I—x 1-(-x)° 1-x7
JOBAaTENIbHO, TpapuK €€ CUMMETPUYEH OTHOCUTEIBHO Haudaja KoopAuHat. J{is moctpoeHus rpaduka
JIOCTAaTOYHO MCCIIE0BATh €€ Ipu x > 0.
5. IIpsimble X = 1 1 X = -1 ABIAIOTCS €€ BEPTUKAIbHBIMU ACUMITOTAMH.
BrIsicHMM HaJlMuMe HAKJIIOHHOW aCUMIITOTHI.

4. OyHKIUSA Y =

X
.o 1=x7 . 1
R=11mT=1_1m41_x2 =0
. X . X
b=limG—=-0x0=lim;—= =0
X—0 l_x X—® I—X

CrnenoBatenbHO, €CTh TOPU30HTANIbHAS aCUMITOTa €€ ypaBHeHHe y=0. HakJIOHHBIX aCHMITOT HET.
[Ipsamas y=0 sBaseTcst acuMITOTON U 1pu X = +0, unpu X — —%0 .
x o, x> +1
1-x>7  (1-x2)>"
Tak kak y’>0 B obnactu ompezeneHus, To QYyHKIMU SIBJISETCS BO3PACTAIOIIEH HA KaXKJAOM HH-
TepBajie 00JIaCTH ONPEACIICHHUS.

2
x +1
5, TO KpUTUYECKUMHU TOYKAMHU SIBJISAETCS TOUKU

(1+x%)
xi=-lux=1.
JlaHHBIE TOYKM HE MpHHAIJIEKAT OONACTH ompeneneHuss (QYHKIUH, 3HAYUT, (YHKLIUS HKC-
TPEMYMOB HE UMEET.

6. v =(

7.Tk. V' =

8. Haitnem y”
" x*+1 ., 2x(x*+3
y'=( ) = ( 2 3)
(I-x7) (I=x7)
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y">0 y"<0 y">0 y"'<0

-1 0 1
Touka (0;0) — Touka neperuda rpaduka GyHKIHH.
I'paduk BeIMyKibIA BBepX Ha mHTepBaiax (—1:0) u (1;+90); BRIMyKIBIH BHM3 Ha WHTEpBaIax
(—oo;—1) u1 (0;1)

Ilopsinok npoBeneHust padboThbl:

Hcnonp3ys TeopeTndeckue CBEICHUS, BBITIOIHUTE MPEATIOKEHHOE MTPETI0IaBaTeNIeM 3a/1aHue, COOTBET-
CTBYIOIIUM 00pa3oM o(hopMuUTh paboTy.

Ilepeuyens 3axaHuii:

3ananue 1. UccienoBarb QyHKIMIO HA MOHOTOHHOCTb U JKCTPEMyM:

Bapunant Nel Bapuant Ne2
. y=X*-3x%+4 I y=
X
2. y=X3-1
2. y=
Bapuant Ne3 Bapuant Ne4
1. y=—Xx*+3x%-2 1. y=—X*+3x*-2
x= x@
2. y=XxX3-1 2. y=XxX3%-1
Bapuant Ne5 Bapuant Ne6
1. y=x*-12x+e6 1. y=x*-12x% 9x+]
2. y=
2. y=
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Bapuant Ne7
1.
2.

Bapuant Ne9

1. y=x*+ox*+ 24x + 12

2.

y:Xz—ﬁx=+9I—3
y=

xa
y=6x-+18

3apanmue 2. MccnenoBaTh GyHKIHMIO M TIOCTPOUTH €€ rpaduk:

BapuanTtNel

3. y=X*-3X%+4

4. y=
BapuanTtNe3
3.

4.
BapnantNe5

3.
4.

BapuanTtNe7
3.
4.

BapuantNe9
3.

4.

BapuantNel 1

yz_xa +3x= _2
y=X7-1

y=X? - l2z2x++6

y:l" -6X*+9x —3

y=X?+9x* + 24x + 12

x‘
y=6x-+ 18

Bapuant Ne8
1. y=X*- 12x% ox+1
x:
2. y=XiF1
Bapuant Nel0
12,1,
1. y=3 t3 -2x-y=
x!
X-2
BapuanTtNe2
3. y=
X
4. y=x%*-1
BapuanTtNe4
3. yz_xa +3x= _2
x’!
4. y=x7-1
BaprantNe6

3. y=x*-12x% gx+]

4. y=
BapuantNe8
3. y=x*-12x% 9x+1
x:
4., y=x%+1

BapuantNel0

lxa + lxi
2. y=3 2 -2x-
x!
3. y=x -2
4.
BapuantNel2
4) y:_x--z + 31:: +9X_
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1 z 1 x3-1
R (. g = -
1. y=3 3 5) y=3x + 5

xa
2. y=X3-3

IIpakTnueckas padora Ne 5
HccnenoBanue u nocrpoeHue rpagukKoB CJI0KHBIX PYHKIMH

[leab pa6oThI:

Hcnonp3ys TeopeTHueckuil Mmatepuan 1 o0paslibl pelieHus 3a1ad, peluTh npuMepsl mo teme «Mcce-
JoBaHUE (YHKIWU TPU MOMOIIM TPOHM3BOIHBIX. VcciiemoBaHue W MOCTpOEHUE TPapUKOB CIIOKHBIX

byHKIHI.

Kparkue TeopeTnyeckue CBeJIeHNA:

HccienoBanue GyHKIMU MPU MOMOIIU NPOU3BOIHBIX
HexkoTtopsie Teopembl 0 nuddepeHuupyeMbiX QyHKIMAX
Teopema Posutsa. Eciu ynkuus » = /(x) HenpepbiBHa Ha oTpeske [a:5], muddepenrmpyema Ha
uHTepBae (a;b) 1 Ha KOHIAX OTpe3Ka MPUHUMAET OJIMHAKOBHIC 3HAYCHUS | (a)=f(b), To Haiinercs xoTs
Ol otHA TouKa C € (a;b), B KOTOpPOil Mpon3BOAHAS f(x) oOparaercsi B HyJb, T. €. f(c)=0.
Teopema Komm. Ecin dyskmum v = f(X) u ¥ = @(x)HenpepsIBHE Ha oTpe3ke |a;P], mudpde-
peHIupyeMbl Ha uHTepBae (a;b), npudem ¢ (x) =0 g X € (a;b) To Halimercs XoTa GbI OJHA TOYKA

S0)-fla)_ 1)

C € (a;b) Takas, 4TO BBITIOJHSICTCS PABEHCTBO q)(b)_ (p(a) a Q' (c) '

Teopema Jlarpamxka. Eciu dynkuus v = /(x) HenpepsiBHa Ha otpeske |[a:b], nmuddepenmupyema
Ha MHTepBale (a;b) ¥ Ha KOHIAX OTPe3Ka IMPUHHMAeT oauHaKoBble 3HaueHus f(a)=f(b), To Haiimercs
XOTs1 ObI 01HA TOuKa C € (a;b) Takas, uto BeMonHseTcs paBeHcTBO f(b)— f(a)= 1 (cXb - a).

CaencrBue 1 Eciiu npon3BoaHast HEKOTOPOW (YHKIIMHM Ha MPOMEKYTKE paBHA HYJIIO, TO (PYHKIIUS
HOCTOSIHHA Ha 3TOM IIPOMEXYTKE.

CaencrBue 2 Ecnu nBe QyHKIIMM MMEIOT paBHBIE MPOU3BOJHBIE HA HEKOTOPOM INPOMEXKYTKE, TO
OHHU OTJIMYAIOTCA JPYT OT ApYra Ha MOCTOSHHOE ClIaraeMoe.

Bo3pacranne n yobiBanue (pyHKIuit

Teopema 1. (HeoOxonumeie ycinous). Eciu nuddepenuupyemas Ha untepBaie (a;b) dyHKuus
v = [(x) Bospacraer (yobiBaer), To /' (x)20 (f'(x) <0) ana moboro x € (a;b) .

Teopema 2. (noctatounsie ycnosus). Ecmu dyukuus y = f(X) muddepennupyema Ha WHTEpBAe
(@ab) m f'(x)>0 (f'(x)<0) gnst moGoro x € (a;b), 10 s1a QyHKUMA Bo3pacTaeT (yObIBAET) HA MH-
TepBaie (a;b).

Teopemsl | 1 2 MO3BOJSIOT TOBOJIBHO MPOCTO UCCIIEAOBATH QYHKLIUIO HA MOHOTOHHOCTH ((pyHKIMS,
yOBIBarOIas WJIM BO3PACTAOIIAsl, HA3bIBAETCS MOHOTOHHOM ).

Hpumep. Viccnenosars Gynkuuioo f(X) =x’-3x-4 Ha MOHOTOHHOCTb.

Pewenue:

X € R = (—o0;+00)

F(x)=3x"=3=3(x-Dx(x+1)

+ - -

v

-1 1
f'()20 mpu x € (—o0;—1] U [1;+00)
f'(x)<0 mpu x e[—1:1]
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Ortser: nannas GyHKust Bozpacraet nmpu X € (—oo;—1] W [L;4+0) y yopiBaecT x € [—1:1]

MakcuMyM M1 MUHUMYM (pyHKIIUIA
Teopema (HeoGxomumoe yciaoBme). Eciam muddepenuupyemas ¢ynkuus » =/ (x) umeer sKkc-

TPEMYM B TOUKE Ij, TO €€ MPOU3BOIHAS B 3TOW TOUKe paBHa Hyt0: /() =0.
Teopema (1ocTaTouHOe ycjaoBHe dKcTpeMyma). Ecim HenpepsiBHast GyHkmus ¥ = /(x) mudde-

peHIMpyeMa B HEKOTOPOH 0 -OKPECTHOCTH KPUTUYECKON TOUKH X, M IIPU IEPEXOE Y€pe3 Hee (CneBa
Ha TpaBo) MPOU3BOIHAS /'(X) MEHSIET 3HAK C IDUIFOCA Ha MHHYC, TO X, €CTh TOYKa MaKCUMyMa, C MH-

HYyCa Ha IIII0C, TO XO - TOUKa MUHUMYMa.

Y106HO HCTONB30BaTh APYTrOM JAOCTATOYHBIN MPHU3HAK CYIIECTBOBAHUS SKCTPEMyMa OCHOBaHHBIN
Ha OIpe/IeJICHUH 3HaKa BTOPOU TPOU3BOJHOM.

Teopema. Eciit B Touke x, mepBas NPOM3BOAHAsS byHKIMM y = f(x) paBHa Hymo (f'(x)=0), a
BTOpasi MPOM3BO/IHAS B TOYKE X, CYIIECTBYET M OTJIMYHas OT Hylst (f"(x) # 0), To ipu ["(x,) <0 B TOY-

Ke X, QYHKIMS HMEET MAKCUMYM U MUHUMYM - IpU f"(x,) > 0.

Boeinykiaocts rpaduxa pynkuun. Touxkn nepernda
Touka rpaduka HenpepbiBHOW (GyHKIME ¥ = /(X), OTAENSIONAS €r0 YacTH Pa3HOW BBIMYKIOCTH,
HA3bIBACTCSI TOUKOU Mepernoa.

Teopema. Eciu pynkums ¥ = /(X) Bo Bcex Toukax mHTepBajia (a;b) MMeeT OTpHIATEIBHYIO BTO-
pyto pousBonyto, T.e. /" (X) <0, To rpadgux GyHKIUM B 5TOM HHTEpBase BBHITYK/Ibli BBEPX.

Ecma ke /'(x) >0 nusg moGoro x € (a;5) - rpaduk BBITYKIIBI BHUS.

Teopema (10cTaTOYHOE YC/IOBHE CYIECTBOBAHUA TOUeK mepernda). Ecinu Bropast mpou3BoaHast

/"(x) npu nepexone uepe3 TouKy X, B KOTOPOH OHA PaBHA HYJIIO M HE CYLIECTBYET, MEHSET 3HAK, TO

TouKka rpauka ¢ abcuuccoi X eCTh TOUKa neperuoa.

AcuMnTOoTHI rpapuka GyHKUHHU
ACUMIITOTON KpUBOM Ha3bIBAETCA MpsiMasi, PACCTOSHUE 10 KOTOPOH OT TOUKH, JieKalllel Ha KPUBOM,
CTPEMUTCS K HYJIIO IIPY HEOTPAaHUYEHHOM YAAJIEHUH OT Hayaja KOOPJIUHAT 3TOM TOUKH 110 KPUBOM.
ACUMITOTHI OBIBAIOT BEPTUKAILHBIMH, HAKIIOHHBIMU M TOPU30HTAIBHBIMH.
[Ipsamass Xx=a sBJISETCA BEPTUKAILHONM acuMOToTOM rpaduka ¢ymkuuun Y= /(x), ecmu

[im /()= e IIm S (0= % e [1m S (1) =0
Y—a x—a-0 y—a+0
Ecmu cymecTtByer HakioHHas acumnrora y=Rx+b, To R u b Haxomurcs mo dopmyne:
R= hnlZ : b=11m(y-Rx).
X—>00 X—®0
Ecmu R=0, To y=b- ypaBHEeHHE TOPH30HTATHLHOW ACUMITOTHI.
OO0mas cxema ucciaeq0BaHust PyHKIHMHU U MOCTPOCHHUS
rpagpuxka GpyHKuuu
HccnenoBanue GyHKIMM 11€71€CO00pa3HO BECTH B OINPEIeIEHHON MOCIEeJ0BATEIbHOCTH.
1. Haiitu oGnacTh onpeaeneHus (yHKIIHH.
2. Haiitu (ecam 3TO MOXHO) TOUKHU IiepeceueHust rpauka ¢ OCsIMU KOOPAUHAT.
3. HaiiTu MHTEpBAJIbl 3HAKOMOCTOSHCTBA (PYHKIMHU (IIPOMEXKYTKH, Ha KOTOphIX /(X)>0 mmm f(x) <0).
4. BbIsICHUTSD, sSIBIIETCA M (PYHKIMS YETHOM, HEUETHOW MIIM OOLLEero BUua.
5. Haiitn acuMnitotsl rpaduka GyHKIUH.

27



6. Haiitu nHTEpBaIbl MOHOTOHHOCTH (DYHKIIHMH.
7. Haiiti 3kcTpeMyMbl (PyHKIINH.
8. HaiiTi nHTEepBaibl BHITYKIOCTH M TOUKU Niepernda rpaduka GyHKINN.

X
Ilpumep. ViccnenoBath pyHKIHIO ) = . U TIOCTPOUTH €€ rpaduk.

1. x € (—oo;— 1), (=L1), (1 + o)
2.x=0,p(0)=0
Touka (0;0)- Touka nepeceuenus rpaduka ¢ ocsmu OX u OY.

3. ®ynkuus 3HaKonojoxurensaa (y>0) B uatepanax (—oo:—1) u (0:1) | 3makoorpunarenn-

Ha —B (—1:0) u (1;+0)
X . =X X

. ABJISIETCS HEYETHOU T.K. V(—X) = - (—x)’ T
JOBAaTeNbHO, TpapUK €€ CUMMETPUYECH OTHOCHTEIHHO Haudaja KoopAuHat. J{is moctpoeHus rpaduka
JIOCTaTOYHO HMCCIICIOBATh €¢ IMpu x > 0.

5. psimbie X = 1 1 X = -1 ABISFOTCS €€ BEPTUKATHHBIMU aCHMIITOTAMH.

BrisicHuM Hanu4re HaKJIOHHOW aCUMIITOTHI.

4. OyHkMsa Y = =—»(x) . Cre-

X
. 1-x? . 1
R=lim——=lm;—>-0
. X . X
b=lm(—=-0x9=lim,—5=0

CrnenoBarenbHO, €CTh TOPH3OHTAJIBHAS acHUMIITOTa ee ypaBHeHHE y=(0. HakJIOHHBIX acHMIITOT
HET.
[Tpsimas y=0 sBisieTcs acUMOTOTON U Ipy X = +0, uipy X —> —%0,
, , x> +1
6 V=G T ey
Tak kak y’>0 B obnactu ompezeneHus, To QYyHKIMU SBJISETCS BO3PACTAIOIIEH HA KaXKJAOM HH-
TepBajie 00JIaCTH ONPEACIICHHUS.

2
x +1
m , TO KpUTUIECKUMH TOYKAMHU SBIISICTCS TOUKH X1 =-1 B X,= 1.
X
JlaHHbIE TOUYKM HE TpPUHAMJIEKAT 00JacTH ompeaesieHuss (GyHKIUH, 3HAYUT, (YHKIHAS DKC-
TPEMYMOB HE UMEET.
8. Haitnem y”

v x?+1 ,:2x(x2+3)
y _((l—xz)z) (1—x2)3

X

7.Tk. V' =

y">0 y"<0 y"™>0 y"<0
-1 0 1
Touka (0;0) — Touka nepernda rpaduka GyHKIIHH.
y I'paduk BBIMYKJIBI BBEpX Ha HHTEpBaIax

T (—1;0) U (l;+o0); BBIIYKJIbIA BHHU3 Ha WH-
nax (—oo;—=1) u (0:1)

TepBa-

-
[~
8

28

L dechiaghaitl et g

0
1]
]
]
]
'
I
1
]
]
I
[}
]
L]
]
1
1
)
L]
'
'
]
1
]
'




IHopsinok npoBeneHust padboThbI:

Hcnonb3yst TeopeTHIecKre CBEICHHsI, BBIOJIHUTD MPEIIOKEHHOE TIPEIoIaBaTeieM 3alaHie, COOTBET-
CTBYIOIIUM 00pa3oM ohopMHTE paboTy.

Ilepeyennb 3aganmii:

3ananme 1. VccrenoBath QyHKINIO HA MOHOTOHHOCTD U DKCTPEMYM:

Bapuant Nel Bapuant Ne2
5. y=X*-3x%+4 5. y=
X
6. y=X3-1
6. y=
Bapuant Ne3 Bapuant Ne4
5. y=—X*+3x*-2 5. y=—X*+3x*-2
X3 x®
6. y=Xx23-1 6. y=x3-1
Bapuant Ne5 Bapuant Ne6
5. y=x*-12x+6 5. y=X3-12x% 9x11
6. y=
6. y=
Bapuant Ne7 Bapuant Neo§
5. y=X*-6X*+9x -3 5. y=%*-T12x*% 9x+1
6. y= X
6. y=x*+1
Bapuant Ne9 Bapuant Nel0
—x3+o9x*+ 24ax + 12 1 1.z
>y x3 5. y=§xa +§x -2x-y=

6 y—6x +18
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x!

3ananue 2. MccnenoBaTh QYHKIMIO M IOCTPOUTH €€ Tpaduk:

BapuanTtNel

8. y=
BapuantNe3
7. y=—X*+3x%-2
x=
8. y=x2-1
BapuantNe5
7. y=x*-12x+6
8. y=
BapnantNe7
7. y=X*-6x*+9x -3
8. y=
BapuantNe9
7. y=x*+ox*+ 24x + 12
xi
8. y=6x_+18
BapuantNel 1
Ixa-xr-3x 42
7. y=3 3

8. y=x3*-3

X-2
BapuanTtNe2
7. y=
X
8. y=xi-1
BapuantNe4
7. y=—X*+3x%-2
x!
8. y=x2-1
BapuanTtNe6

7. y=X*-12x% 9x+1

8. y=
BapnantNe§
7. y=x*-12x* gx+1
x:
8. y=x3*+1
BapuantNel0
lxa + lx=
7.y=3 25 -2x-
x!
8.y=x —2
BapuantNel2
7. y=—%%+ 3X* +ox-
xX*T-1
8.y=3x + 5

IIpakTuyeckas padbora Ne 6
OcHOBHBIE MeTOAbI HHTETPUPOBAHMS

[leab pa6oThI:

I/ICHOHLSyH TeOpeTI/I‘{eCKI/Iﬁ MaTcepual u O6pa3I_U:>I peliCHus 3a4a4, pCIINUTb ITPUMCPEI 110 TCME «OcHOB-

HBIC MCTOABI MHTCTPHUPOBAHUS).
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KpaTtkue TeopeTnyeckne cBelecHUs:

OnpenesneHHBIN HHTErPAJ
Onpenenenue. [Tycts Gpyukius ¥ = /(x) onpenenena Ha orpeske [a;b], a<b. PazoObeM 31OT OTpe-

30K Ha 7 IPOM3BOJIBHBIX YACTEH TOUKAMH ¢ = x;, < X, < X, < X3 < ..ovovev.. <X <, <x, =b Bxraxnom

U3 TOJIyYEHHBIX YACTUYHBIX OTPE3KOB [x, ., ] BeIOepeM mpousBombHyI0 Touky Ci (¥, <Ci<Xx,) u
COCTaBUM CyMMY

rae Ax, =x, —x,_,. Cymma Buza (*) Ha3bIBAETCS UHMEZPAIbHOU cymmoi Juts yHkuuu f(X) Ha oT-
peske [a;b]. OO6o3Haumm depe3 ¢ [IMHY HAWOONBIIETO YACTHYHOTO OTpe3Ka pa3OueHWS:
o = max{Ax,}
1<i<n
n—%TaK, 9yro ¢ =0, TO ATOT NpeIE] Ha3bIBAIOT ONPEACICHHBIM HHTErPAIoM OT GyHKIuU Y = f(X) Ha

Onpenenenne. Eciu cyniecTByeT KOHEUHBIH Hpelesl HHTErPpaibHOM CyMMbl S, , KOTraa

b b n
oTpeske [a;b] 1 0603HAYAIOT CJIELYIOMIM 00Pa3OM: J-f (X)dx  wm _[f (x)dx = 1imY ./ (D)Ax; .

a—0 =]
B atom ciiydae ¢yukums ¥ = f(x) Ha3sIBaeTCS MHTErpUpyeMoil Ha oTpeske [a;b] . Uncna a u b Ha3bI-
BAIOTCSI COOTBETCTBEHHO HIDKHUM M BEPXHHUM TIpeeaMi UHTETPpUpOBaHus, ./ (*) — IMOIBIHTETpaIbHOM
¢yHKIMEH, ¥ — nepeMeHHON HHTErpupOBaHUS.
OTmeTHM, YTO HEMPEPHIBHOCTH (DYHKIIMH ABIISETCS JOCTATOYHBIM YCIOBHEM €€ HHTETPUPYEMOCTH.
OcHoBHBIE CBOIICTBA ONpe/Ie/IeHHOT0 HHTerpaJjia

10jf(x)dx =0; ZOff(x)dx = —j.f(x)dx;
3°I_f’(x)dx = _[f(x)‘ﬂl'?“r I.f(x)dx; rae a, b, ¢ mo0ble Yncha.

u b b b b
4 [kf (dx = k[ f(odx; 5 [1/ ()% g(0)]dx = [ f(x)dx* [ g(x)dx.

®opmyaa Herorona-Jleitonnna

Ecmu ¢yukuust ¥ = /(x) HenpepbiBHA Ha oTpe3ke [a;b] u GyHKuust y = F(x) ABIsIETCS HEKOTOPOit ee
nepBooOpa3HOM Ha  3TOM  OTpe3ke, To wmmeeT Mecto (¢Gopmyna Hprorona-JleliOnuma

b
[ rde = Fb) - F(a).
Bu1unuciienue OMPEACTCHHBIX HHTECIPAJIOB

b
HpOCTBIM u yIIOGHBIM METOAOM BBIYHCIICHUSA OHpeI[eJIeHHOI‘O I/IHTeraJIa J.f(-x)dx oT HerepLIB-

a

b

b
HOU QyHKIMH siBisiercst popmyia Herotona-JleiiOHumna: J f(X)dx = F(x)| =F(b)—-F(a).

a
HpI/I BBIUHUCJICHUU ONPCACIICHHBIX UHTCTPAIOB IMHUPOKO UCIHOJB3YETCA METOJA 3aMCHBI nepeMeHHoﬁ
U MCTOA MHTCTPUPOBAHUS 110 YACTAM.

HNHTerpupoBanue noicTaHOBKOM
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b

[TycTh [UIst BBIYKMCIICHUS HHTETpaIa I,f (x)dx ot HenpepbIBHON (QyHKIUM CIETaHa MOJACTAHOBKA X
=0(t)

Teopema. Eciu:
1) pynxmus x = @(t) u eé npoussoauas X = ¢@'(t) nenpepwIBHBI npu ? € [d: A1
2) MHOKECTBOM 3HaueHHud GyHKImKU X = @(!) npu ¢ € [a: ] ssnsercs otpe3ok [a;b];

b s
3) @) =a w o(B)=b 10 | f(Ndx = [ f(e(0))- ¢ (O)dt

I/IHTerI/IPOBaHI/Ie o 4acCcTAM

Teopema. Ecin ¢yukmmn u = u(x) 1 v =v(x)uMeloT HempephIBHbIE MPOH3-
b

b
BOJIHBIC Ha OTpe3ke [a;b], To umeer Mecto popmyiia j.ud vV=uv

b
— J vdu
IIpumep.

T . . X
Brrancnuts je sin ) dx
0

Pemenue:

Ie" Sinfdle +2e”
0 2

OtBeT: je" sin fdx =1+2e”
p 2

HeonpenesieHHbI HHTETPaJI
OcHoBHbBIE CBOCTBA HEONPEAeICHHOI0 HHTErpaJia

(] Sy = f(x) 2°d [ f (x)dx = [ ()l
30 [dx(x) = F(x)+ ¢ ; 4° [k f (xydx = k [ (x)dx
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5OLr o+ g(0] = [ f(x)dx+ [ g(x)dx .

TabJmnna 0CHOBHBIX MHTEIPAJIOB

a+l

u
I.|u“du =——+c,(a # —1),B 4aCTHOCTH, | du =u +c;
] b

o+
dtt [ i
2.!—:ln‘u‘+c Ja a’u——+c 4[0 du=e" +c; Sjblﬂtidtf_*c05££+(
u Ina
(i.-[cosudu =sinu+c; 7.! teudu = fln|cos u|+ c; S.Icigudu =
du du du u
()I =igu +c; lOJ = —ctgu +¢; 11 ! =Ingg —{ +c;
cos” u sin” sin u
du u du .ou
12.‘~ =lInjte(—+ —)|+¢ 13.Ij:arcsm—+c;
cosu 2 4 Na® —u? a
S du 1 u
l4j~ lnu+\fu‘)+a‘)‘+cg lS.Jﬁ:—mrtg—+C;
\ru a“+u-  a a
: du 1 a-+u S u sy a” .U
l(u.!ﬁ:—ln +c; 17J\fazfuldu:—\fa’fu” +— arcsin—+c;
a —u-  2a |a-u 2 2 a
a’
18.[\/ ta’du=—x+ a’ +5 Inju +vu® +a*|+c

OcHoOBHBIC MeTOIbIl HHTETPUPOBAHHUSA
Metoa HemocpeACTBEHHOT0 HHTETPUPOBAHUSA
Onpenenenne. MeTo MHTErpUPOBaHMS, TP KOTOPOM JIaHHBIM MHTETpal MyTEM TOKIECTBEHHBIX
peoOpa3oBaHUi MOJBIHTErpaTbHON (YHKIMU (UM BBIPA)KEHUS) U MPUMEHEHUsS] CBOMCTB HEONpene-
JICHHOTO MHTETPUPOBAHUSI MPUBOAUTCS K OJJHOMY WJIM HECKOJIBKUM TaOJIMYHBIM MHTErPajioM, Ha3bIBa-
€TCsl HETIOCPEICTBEHHOM HHTETPUPOBAHUEM.

Hpumepbl (
dlx + 3
)-[x+3_'[ —ln‘x+3‘+c
3 5 1—x é d(z"c) —
1(41' o +3 ]d({) 4[ xd jcoq ~[37d(-x)=
2) I—x
x* ——lgx——+¢c
2 In3

MeTox HHTErpUPOBAHNS MOACTAHOBKOM
Merto 10cTaHOBKY (M/IM 3aMEHBI IEPEMEHHOM) 3aKIF0YaETCs B TOM, 4TO 3aMeHstoT ¥ Ha @(f)
!’
rae ¢(7) - nenpepbiBHO auddepenupyemas GyHKIMs, moaaraT dx = @'(f) u noay4aroT
=o(1)

. _ X _ . ’
jﬂmM—wzdmm—hwmme.
[Ipumepsr:
3dx =dt
3x =t

1) j.cosfaxdx: :j.cosrxlsint+c:isin3x+c
3 3

(3x) dx = dt dx = ;dr
2)

Tx+8 :f.dx:_l/'dr

j.sin(?'xnL 8)dx = ;
Tdx = dt

. 1 | 1
= IsmIX—dr =——cost+c=——cos(7x+8)+c
7 7 7
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et 1 S i — — T g ot 1 ! 1
J- Aedx _ — x B ’(,\ = 2714( _ HFr — 77..‘?73({; _ — —
~1 = — 2w — B e =2 2
1 1
:—5X2><r3+(?:— 1 — —+ <
4)
. 5-3x =1t dvx=——dt . | t* (15 —-3x)°
I(lS—f%x)"dxz ; 3 :Ir"x(——)dt:——x—+c:— +C
—3dx = dt 3 3 24
MeTO}] HHTCI'PUPOBAHUA IO YaCTHAM
J.udt):uxt)fjudu
Bun nHTerpaia ITogcranoBka
_‘-P(x)arctgxdx; j P(x)arcctgxdx;j P(x)In | u = arcigx
A u =arccitgx
jP(x) arcsin xdx; J- P(x)arccos xdx; P(x) -
u=Inx
MHOTOYJICH. 4 = arcsin x
i = arccos x
dv = P(x)dx
v = [nepeoobpasnaiP(x)]
J‘P(x)e”;_’.P(x)sin kxdx;jP(x)Cos kxdx, | u=P(x)
kx
k — nexomopoe YUCIO dv=e"dx
P(x) — mnocounen. v = [nepsootpasnask™]
dv = sin kxdx
U = [nepsoobpaszHasi cos kx|
[ e cosbxdx; [ e sinbxdx g u b nexomo- | 6ykpammoe unmeepuposanue
pule yucia. Hanpunmep: o -
jc’ = TR =S W e A |("1j: P
= == = dxa W —— J-()‘ =L RN oW e =
=e"sin x —(—e" cos+ J‘e"' cos xdx) |
e’
.[e“’ cos xdx = T(Sin xX+cosx)+c.
Ilpumepoi:
1
=lnx=du=—dy
]) J.[n.\‘d,\': e ,y(\ :,\'x]n.\‘—j.\‘x l(/.\‘:,\‘ln.\‘—,\‘+c
dv=dx=>v=x !
. = 2+ 1 == cfir = 2
2) J CGx 1 dle) = v = e T e = v = ~|' ol = 3') e
— (2 + 1)< ; e — 0 L e 2 xdlx = ; (2 + 1)’ — Zc“ + o

IHopsinok npoBeneHust padboThbI:

I/ICHOHBSyH TCOPCTUUCCKHUEC CBCACHUS, BBINIOJIHUTL NPCJIOKCHHOC MPLCIIOAaBaTCIICEM 3aJaHNEC, COOTBCT-

CTBYIOIIUM 00pa3oM ohopMuUTh paboTy.

Ilepeyens 3aganmii:
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Ne 1. Berunciuthb onpenejieHHbIA HHTETpaJl:

Bapmuanr 1

| &

(W — x i

Ccos xdx

&

[S)

S StV Oty — 1

+
=

Bapmuanr 2

e‘dx

(3)(2 — 1)dx

sin xdx

Sy OtV —

1
dx
Il+x2

0

Ne2. IIpumeHsist MeTO HENOCPEACTBEHHOI0 MHTErPUPOBAHUS, BHIYMCIUTH HHTErPAJIbI:

Bapmuanr 1
J‘( 2 B 3 Yelx

1+x*  J1—y2

[er@=S5)ax
-

j(zr‘ +3%)dx
1—sin’ x
|
Sin- x

Bapmuanr 2

j(x“ +i/;+3\/;+%+l)dx
X X

Ne3. HOJIL3yﬂCB METOA0OM NNOACTAHOBKH, BLIYHUCJIUTH HHTErPaJibl:

Bapmuanr 1
1. jcos Sxdx
2. J. Vi dx
3\/; +1
j dx
3. . 2 X
sin”® —
3
64,\'
4, dx
J'e" -1

2. I(sinx+5cosx)dx
3. e "
e (1+ dx
'[ ( COSZ X)

4, jctgzxdx
Bapuanr 2
1. Isin 7 xdx
2 [== LN

' NES
3 J- dx

' A2 —3x
4. Ie“" * cos xdx

Neq. C MNOMOIIBIO METOIA UHTEIPHUPOBAHUSA MO YACTHAM BbIYMCJIUTDb HHTErpaJbl:

Bapmuanr 1

1. I(4x3 +6x—7)lnxdx
2 Jx In xdx

3. J‘xef"‘dx

4

J arcsin xdx

Bapmuanr 2

1.

Ealb

I(xz +3x + 2)111 xdx

Ix ln(3x + 2)dx

5.
Ixe Ydx

Icos(ln x)dx
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[Ipaktuueckas pabora Ne 7
Pemrenue npukjiIaaHbIX 32124
(ITpunoxkeHnsi onpeesieHHOr0 HHTErPaJia)

[leab pa6oThbl:

Hcnonb3ys Teopernyeckuil MarTepuan M 00pa3lbl pEIIeHUs 3a4ad, PELIUTh IMPUMEPHl IO TEME
«Pemenune npuknagusix 3aaa4 (IIpunoxeHus onpeneieHHOro HHTerpaa)y».

Kparkue TeopeTnyeckue CBeJIeHUA:

Boiuucienue njaomaam nJaockoi Gurypsl

Halinem ninomans S KpUBOJIMHEHHON Tpamnmeuuu, OTpaHUUYCHHON KPUBOMU y:f(X),
ockio O, U AByMs NPAMBIMU X=du x=h, rae a<x<h, f(x)=0 (puc. 1)

Tak, audpdepennuan nepeMeHHON MIOMAAN S ecTh MIOINaab NPSIMOYTOJIbHUKA C
ocHoBanueM dx u BeicoToit [(x), T. e. dS= f(x)x, To, HHTErpUPYSd 3TO PABEHCTBO B Ipe-
aejax oT a A0 b, mojydyum

, (1)
S = jf(x)dx.

Ecau kpuBonuHeiiHas Tpamenus npuieraet kK ocu O, tak, uto ¢<y<d_ x=¢(y)>0
(puc. 2), To nuddepennmnan nepeMennoi miomann S pasen dS = f(y)dy, orkyna

s =Jo(ay. (2)

B ToM ciyuae, KOTJa KpMBOIMHEHHAS Tpameus, OrpaHUYeHHAs KpuBoi y=f(x),
ochbio O, M MPSIMBIMHU X=a U X=b, JekKHuT noJ ockio O, (puc. 3), miaomanb HaXOJAUTCS O

bopmyie
S=[1r()dxe. (3

Ecan ¢urypa, orpannuennas kpusoii /(v), ocvro O, u npsameiMu x=a u x=b, pac-
nosiokeHa mo obe cropousr ot ocu O, (puc. 4), To

S = If(x)d“j\ £ (x)ldx. (4)

IIycth, HakoHen, QGurypa S orpaHudyeHa ABYMsS NEPECEKAIOMUMUCA KPHUBBLIMH
y=f(x) u y=/f,(x) n npambiMu x=a u x=b, rae a<x<bh u f,(x)<f,(x) (puc. 5). Torna ee
njaomanab HaXOAUTCA 1O popMmylie

5= [ A )

Npumep. BoiuucauTh mnomajnb QGUIypbl, OTPAHMYEHHOW YKAa3aHHBIMH JIMHHUSAMH
x+2y—4=0, y=0, x=-3 u x=2.
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Pemenue. Boinonnum noctpoenue ¢purypsl. Ctpoum npsamyro *+2y—-4=0 go aBy™m TOU-
kaMm A(4;0) u B(0;2) (puc.6). BeipazuB y uepe3 x, noayuum » =—05x+2.
ITo popmyne (1), roe f(x)=-05x+2, a=-3 u b=2, HaxoauMm

§ = [(-0.5x+2)dv =[-0.25x* + 2], =11.25 (xb. ex.)

B xauecTBe MpoOBEpPKM BBIYUCIUM Miomaab Tpaneuuun M, MNN, oOBIYHBIM MyTEM.
Haxomum: MM = f(-3)=-05(-3)+2=3,5, N,N=f(2)=-0,5-2+2=1, M,N, =5. Cneno-
BaTenbHo, S=0,53.5+1)-5=11.25 (kB. ex.).

BprunciieHue nyTu, NpoiAeHHOI0 TOYKOM

I[IyTh, NpOWIEHHBIN TOYKOW MPU HEPABHOMEPHOM JBUKEHHUM MO NPIMOU C me-
peMeHHOIT ckopocThio v=f()>0 32 mMPOMEkKYTOK BPEeMEHH OT [, 10 ,, BRIUUCIISIETCA 110
bopmyne

15}

S = f £ ). (6)

]

IIpumep. CkopoCTh ABUIKEHUS TOUYKU U3MEHSETCS MO 3aKOHY \/:(3z2 +2z+1) Mm/c.
Haiitu nyTth, npoligeHHbIN Toukol 3a 10 ¢ OT Hayana IBUKEHHUS.

Pemenne. Cornacuo ycnosuiwo, f(¢)=3t"+2t+1, £, =0, 1, =10. ITo popmyne (6) Ha-
X0JQUM

10
S =[G +204Ddr =[r 12 +1]) 210" +10° +10=1110 (an).
0

Beruncienne padboTbl CHJIBbI

PaGoTa, mpousBeneHHAas nepeMeHHoi cunoi f(x) mpu mepememennu no ocu O,
MaTepHuallbHOW TOYKHU OT Y =0 g0 x=bh, HaXoAUTCsA O hopMmyie

A= [ flo Q)

[Ipu pemeHun 3aay Ha BBIYUCIEHHE PabOTHI CHUJIBI YaCTO MUCHOJb3yeTCs 3aKOH
I'yka:
F=hx, (3)
rae F - cuna, H; x - abcontoTHOEe yaJIMHEHHE NPYXXKUHBI, M, BbI3BaHHOe cuioi F, a k -
K09(hpUIMEeHT nponopuruoHaIbHOCTH, H/M.

IIpumep. CxaTue X BUHTOBOM NPYXHUHBI NPONOPLUUOHAIBHO NPUIOKEHHON CHIIE
F. Beiuucnuts paboty cunsl F npu cxxatum npyxussl Ha 0,04 M, eciiu Aas cxaTus ee
Ha 0,01 M HyxHa cuna 10 H.

Pemenue. Tak xak, x=0.01 m mpu F =10H, To, moacTaBasis 3Tu 3HaAYECHUS B pa-
BeHCTBO (8), monyuyum 10=4-0.01, orkyna k=1000 H/m. [TonctaBuB Tenepsr B 3TO ke
paBeHcTBO 3HayeHue k, Haxoaum F =1000x, T. e. f(x)=1000x. HNckomyro paboTy Haligem
no ¢popmyne (7), monarass a=0, &=0,04:

0,04

A= [1000xdx =500x" ;™= 0.8 (JIx).
0

Boiuncienue padoTbl, NIPOU3BOAMMON NMPHU MOJAHIATHH Ipy3a
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IHpumep. [flunuaapudeckas qucTepHa ¢ paguycom ocHoBaHus 0,5 M u BeicOTOU 2
M 3al0JHEHa BOJOW. Beiuncnuts paboTy, KOTOPYI HEOOXOAUMO MPOU3ZBECTH, YTOOBI
BbIKAa4aTh BOJY U3 LIUCTEPHHBI.

Pemenue. Beinenum Ha rinyOuHe X TOPU3O0HTAJbHBIM CI0H BBICOTOM

dx (puc. 7).

PaGoTa 4, kOTOpyI HagO MPOU3BECTH, YTOOBI MOMHATH CIOW BOJIBI BecoM P Ha
BBICOTY X, paBHa P..

HN3menenue rnyOUHBl X Ha MaJIyl0 BEJIHUYHHY dX BBI30BET U3MEHEeHHE oObema V Ha
BEJIUYHUHY dV =m’dx W W3MeHeHWe Beca P Ha BenuuuHy dP=9807m dx;nipu 5TOM
coBepmaemas pabora A M3MEHHUTCS HA BEIUYUHY dA = 9807z xdx.

[IponHTErpUpOBAB 3TO PABEHCTBO NPU U3MEHEHUHU x OT 0 10 H, monyuum

H
A= [9807m xdx = 49037 H’ = 49037-0,25-27 = 49037 ().

BolunciaeHne cHJIBI JaBJIEHUA XKHUIAKOCTH

3HadyeHue CUJbl P 1aBJieHUs KHUJAKOCTU HA TOPU3OHTAJIbHYIO MJIOIIAJKY 3aBUCUT
OT TIYOUHBI NOTPYKEHUS X 3TON MIOWAAKH, T. €. OT PACCTOSIHUSA IJIOIMAAKHU 10 IO-
BEPXHOCTH KUJIKOCTH.

Cuna gasnenus (H) Ha ropu3oHTaNbHYIO MJIOMIAAKY BhIUHUCIsAETCS M0 Gpopmyie

P =98075x,
rae 0 - MIOTHOCTD KUIKOCTH, xe/m’; S miaolamhb MIOMAAKH, u ; X - TIyOHHA MOTpyKeE-
HUS MIOUIaJKH, M.

Ecnu mnomanka, McObIThIBAIONIasl JAaBICHHUE XUJAKOCTH, HE TOPU30HTAlIbHA, TO
NaBJieHUWE Ha Hee pa3JM4YHO Ha pa3HbIX IriayOHHaXx, cieloBaTelbHO, CUJa JaBJIEHUSA Ha
IIOIMAAKy eCTh QYHKIUS TIyOUHBI ee moTpyx)eHus P(x).

IIpumep. BblyuCcauTh CUIy JaBIEHHUSA BOJbl HAa BEPTHUKAJbHBIA HNPSIMOYTOJbHBIN
03 ¢ ocHoBaHueM 20 M U BBICOTOUW 5 M (YpOBEHB BOJBI COBIAJaeT C BEPXHUM o0Ope-
30M IIJ03a).

Pemenne. Ha rnyOuHe Xx BBIJEIMM TOPU30HTAJBHYIO NOJOCKY IIUPUHOU dx
(puc.8). Cuna naBiaeHus P Ha CTEHKY IIJI03a €CTh QYHKIUSA OT x. MI3MeHeHue TinyOuHbI
X Ha MaJyI0 BEJIUYUHY dX BHI30BET M3MEHEHUE CHUJIBI JaBJIeHUS P Ha Mallyl0 BEIUUYUHY
AP.

[IpoauddepeHnupoBaB mepeMeHHY P, NONy4YuM MNOPHOIHKEHHOE 3HAYCHUE
(rmaBHyI0 "yacTh) dP mpupameHus AP.

HaxoauM npuOIuXeHHOE 3HAUYEHHE CHUJBl JaBICHHUS BOJBl Ha STy IMOJOCKY:
AP =9,8070xAS =9807x-20Ax. Ho dP ~AP. UHTerpupys dP npu u3ameHeHuu x ot 0 mo 5,
NONY4YHUM

5
P =9807-20[ xdx = 9807-10x" ;= 2,45 (MH).
0

JAJauHa A1yru NJa0CKoi KpUBOi

IycTs nnockas kpusas AB (puc. 9) 3anana ypaBuenueMm y=f(x a<x<b) npuuem
f(x) u f'(x) - HenpepbiBHBIe QyHKI UK B mpoMexyTke « <x<h. Torma qubbepennuan d
IUTUHBI NyTU AB BbIpaxaercs GopMmylio

dl = 1+(%} dx unn di =1+ [f' (x)[ dx,

a JuInHa AyTu AB Beiuucnsiercs mo Gpopmyne

L=Jar=[\i[r () ax (©)
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rae ¢ u b - 3HaYEeHHUS HE3aBUCHUMOUN MEPEMEHHON x B Toukax 4 u B.
Ecnu xpuBas 3agaHa ypaBHEHHEM x=¢p(yNcsy<d) to anuna OyTu AB BBIYHCASETCS MO

bopmyine
L=[1+]p 0 v, (10)

rae ¢ U d — 3Ha4yeHHsI HE3aBUCUMOMN NepeMeHHON y B Toukax 4 u B.
Hpumep. Halitu 1IuHY OKPYKHOCTH X +y° =r’.
Pemenne. JludpdpepeHuupys ypaBHEeHHE OKPYXKHOCTH, UMEEM
2x+2y-dy:0; Q: o
dx dx ¥
ITo ¢dopmyne (9) BEIUMCIUM JJIUHY OYTH YETBEPTH OKPYNKHOCTH, B3AB IPEICIbl UH-

terpupoBanusg ot 0 go r:
b

. . ) ©olvt co r dx X ar
L/4= 1 —— | dx = [ . dx = "7\(1'.’: ) = rrarcs 7;i:7
.[\J +( -1‘] X ;[\.‘ 5 X J\. e X 1}[\”‘3 — rarcsin . | 5
HAnuna okpyxHocTu paBHa C =4L = 4w /2)=2m
L] g regy)
gd Yl
7 =
/ 7
112 17 :
- [
X=a ar— xb R
(puc. 1) (puc. 2) (puc. 3)

ITITITITITI IS I ST CTTTIETITISS

Ax=dx

20m
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(puc. 7)

IHopsinok npoBeneHust padboThbI:

el e

Ilepeuennb 3axanmii:

Bapmuanr 1

1. BwruaucauTs oAk MIOCKon GUTypHI,
OTpaHUYEHHOW (PYHKIIUSAMU:

x-2y+4=0, x+y-5=0, y=0.

2. IIpu cxartuu npyxuHsl Ha 0,05 M 3aTpa-
yuBaetcs padora 25 [x. Kakyro padoty
HEOOXOIMMO COBEPIIUTH, YTOOBI CXKATh
npyxuny Ha 0,1 m?

3. [Hunuuapudeckas HUCTEpPHA C paIuyCOM
ocHoBauusA 0,5 M ¥ BRICOTOM 2 M 3amoJIHe-
Ha BOAOH. Beruncanute paboTy, KOTOpYyIO
HEO0OXOAMMO MPOU3BECTH, YTOOBI BHIKA-
4YaTh BOJY U3 LIUCTEPHBI.

4. BplUMCIUTH CUITy JaBJIECHUS BOJBI HA BEP-
TUKAJbHBIA MPAMOYTOJIBHBIN IILIIO3 C
ocHoBaHuEM 20M U BBICOTOM 5M (YpOBEHb
BOJIbI COBIIAJIa€T C BEPXHUM 00pe30M
UTI034).

(puc. 8)

(puc. 9)

IIpounTaTs ycioBHE IPEUIOKEHHOM MPENoaBaTeIeM 3aJaun.

OnpenenuTts, K KaKOi U3 BbIIIE MEPEUUCIICHHBIX [TOJITEM OTHOCUTCS JIaHHas 3a/1aya.
O3HaKOMHUTBCS C TEOPETUYECKUMU CBEACHUSAMHU MOJITEMBI.

Hcnonb3ys TeopeTnyeckue CBeICHUs, peIUTh 3aa4y.

Bapmuanr 2
BeraucauTs miomaas miockon Gurypsl,
OTpaHHYEHHON (QYHKIUSIMU:

2x-3y+6=0, y=0, x=3.

st pacTspxenust npyxusbl Ha 0,04 M HeoO-
xouMo coBepmuTh padoty 20 k. Ha kakyto
JUTMHY MOHO PacTSAHYTh IPYKUHY,
coBepmmB padoty 80 JIx?
Borancnute paboTy, KOTOPYIO Ha0 IpOH3Be-
CTH, YTOOBI BBIKAYaTh U3 pe3epByapa KOHUYE-
CKO# ()OpMBI C BEPIINHOM, 0OpaIIeHHOW KHH-
3y. Pe3epByap HamoJsiHEH 10BEPXY BOJOM.
Panuyc ocHoBanus konyca R=1mM, BeicOTa KO-
Hyca 2M.
Beruucnauts cuity gaBiaeHus: BOAbI HA BEPTHU-
KaJIbHYIO TJIOTHHY, UMEIOIY10 (OpMy paBHO-
OepeHHON Tpanenuy ¢ OCHOBAaHUSIMHU a U b
(a>b) u BpICOTOM h.

[Ipaktuueckue padotsl Ne 8-10
Pemienune npocreimimx 3a1a4 no TeOpruM BeposiTHOCTEM

[eab paboThi:

Hcnone3yst TeopeTHdeckuil maTepuan U 00paslibl pelieHUs 3a/ady, PeuIuTh MPUMEpPhl MO TeMe
«PelreHne npocTenmmx 3aa4 TEOPUU BEPOSATHOCTEN.

KpaTKI/Ie TCOPETUIECCKHUEC CBECICHUSA .

Teopus BeposiTHOCTEIA.
Cayuaiinbie coobiTHs. YacToTa. BeposiTHOCTH

Teopust BEpoSITHOCTENl — MaTeMaTudeckasl HayKa, 3ydarolas 3aKOHOMEPHOCTH MAacCOBBIX CITy-
YalHBIX SABJIICHUHA (COOBITHIA).

CrnydaifHbIM COOBITHEM (MJIM MPOCTO COOBITHEM) HA3BIBAECTCS BCAKOE SIBIICHHUE, KOTOPOE MOXKET
MPOU3ONTH WM HE MPOU3ONTH MPU OCYUIECTBICHUHU OMpPEIEeIEHHON COBOKYMHOCTH ycioBHil. Teopus
BEPOSITHOCTEM MMEET JIEJI0 C TAKUMH COOBITHSIMHU, KOTOPhIE UMEIOT MAaCCOBBIM XapakTep. JTO 3HAYUT,
YTO JIaHHAas COBOKYITHOCTh YCIIOBUI MOXET OBITh BOCIIPOM3BEICHA HEOTpaHHMUEHHOE YHCcio pa3. Kax-
JI0€ TaKOE OCYIIECTBJIICHUE IaHHOM COBOKYITHOCTH YCJIOBUH Ha3bIBAIOT UCIIBITAHUEM (U OTIBITOM ).
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Ecnu, HanpuMep, UCTIBITAaHUE COCTOUT B OpPOCAHHWU MOHETHI, TO BbINaJieHHE repda sBIseTcs co-
OBITHEM; €CIT HCITBITAHNE — M3TOTOBJICHHE TIOAIIUITHAKA JJAHHOTO THUTIA, TO COOTBETCTBUE TTOIIIHITHY -
Ka CTaHAApTy — COOBITHE; €CIM UCTBITAaHUE — OpOCaHue UrpalbHOM KOCTH, T. €. KyOMKa, Ha TpaHsX
KOTOPOTO MPOCTaBIeHBI UG PHI (0YKHK) OT 1 10 6, TO BBITIAJICHHUE TISATEPKH — COOBITHE.

CoOpITust OyzieM 0003Ha4aTh 3arjaBHBIMU OyKBaMU JJaTUHCKOTO aidasura: A, B, C, ...

[TycTps mpH n UCTIBITAHUSAX COOBITHE A TIOSBHIIOCH M Pa3.

OTHolIeHHe m/n Ha3bIBAETCS YaCTOTOM (OTHOCUTENBHON YacTOTOM) cOOBITUS A M 0003HaYaeTCs
P*(A)=m/n.

OnbIT MOKa3bIBAET, YTO MPU MHOT'OKPATHOM MTOBTOPEHUH HCTIBITaHUI yacToTa P*(A) cioywaiiHoro
coObITHS 00J1a1a€T YCTONYUBOCTBIO.

CoObITHE Ha3bIBAETCSl JOCTOBEPHBIM, €CIM OHO B JIAHHOM OIbIT€ 00s3aTeIbHO JOJKHO
NPOM30UTH; Ha00OpOT, COOBITHE HAa3bIBACTCSI HEBO3MOXKHBIM, €CIIM OHO B JJAHHOM OIBITE HE MOXKET
IIPOU30MUTH.

[TycTts, HapuMep, U3 YPHBI, COAEPKAIIEH TOIBKO YEepHBIE MIaphl, BRIHUMAIOT map. Toraa moss-
JIEHHE YepHOTO 11apa — JOCTOBEPHOE COOBITHE; MOSABICHHE OEJI0ro Iapa — HEBO3MOXKHOE COOBITHE.

Eciu coOpiTHE AOCTOBEPHO, TO OHO MPOM30MAET NpHU KaKAOM uchblTaHuu (m=n). [loaTomy
4yacToTa JOCTOBEPHOTO COOBITHSA Bcerjga paBHa enuHuue. HaoGopoT, ecin coObITHE HEBO3MOXHO,
TO OHO HM IIPHU OJIHOM HCIBITaHUU He ocymiecTBuTca (m=0). CienoBaTenbHO, 4aCTOTa HEBO3MOKHOTO
COOBITHS B JIIOOON CepuM MUCHBITAaHUM paBHA HYIHO. [103TOMY BEpOSTHOCTH JOCTOBEPHOI'O COOBITHS
paBHa €AMHUIIE, & BEPOSITHOCTh HEBO3MOKHOTO COOBITHS paBHA HYIIIO.

Ecnu coOpiTue A He sIBIIIeTCSI HU JOCTOBEPHBIM, HM HEBO3MOXKHBIM, TO €ro 4acToTa m/n mnpu
OOJIBIIIOM YHMCIIE MCIIBITAHUH OyAET Majlo OTJIMYaThCsl OT HEKOToporo yucna p (rae 0 <p <1 ) — Be-
POSITHOCTH cOOBITHS A.

CoBmMmenieHueM (MU poU3BEACHUEM) IBYX coObITUI A 1 B Ha3pIBaeTcs coObITHE, COCTOSIIEE B
COBMECTHOM HACTYIUIEHHM Kak COOBITHS A, Tak M coObITHs B. D10 coObiTHe Oyaem o6o3HauaTte AB
nnu BA.

AHAJIOTUYHO, COBMEILIEHNEM HECKOJIbKUX coObITHH, HampuMmep A, B u C, Ha3biBaeTcs coObiTHE
D=ABC, cocrosiiee B COBMECTHOM HacTyruieHuu coosituii A, B u C.

OO0benuHeHneM (MU CyMMOR) IByX coObITUi A U B Ha3wpiBaeTcs coObiTue C, 3aKiIrodaronieecs B
TOM, 4TO MPOU30MIET MO KpailHei Mepe oHO U3 coObITui A ninu B. 310 coObiTHe 0003HavaeTcs Tak:
C=A+B.

OOberHEHNEM HECKOJBKUX COOBITHI HA3bIBAETCS COOBITHE, COCTOSINEE B MOSIBICHUH O Kpaii-
Heil Mepe ogHoro u3 HuX. 3amuch D=A+B+C o3Hauaet, uTo coObiTHe D ecTh 00bennHEHNE COOBITHIT
A,BuC.

JIBa coObiTus A 1 B HazpIBaroTCs HECOBMECTHBIMH, €CJIM HACTYIUIEHHE COOBITHUS A HCKIIOYAeT
HacTyruieHue coObrtus B. Otcrona ciemyer, 4To eciii coObiTust A 1 B HecoBMecTHBI, TO coObiTHE AB
— HEBO3MOXKHOE.

AKCHOMBI BEPOSAITHOCTEH

[Tycts A 1 B — 11Ba HECOBMECTHBIX COOBITHS, IPUYEM B N UCHBITAHUSAX COOBITHE A TPOU3OIIO
ml pa3, a coosiTie B mpouszonuio m2 pa3. Torga yactorsl coObiTuil A 1 B COOTBETCTBEHHO PaBHBI
P*(A)=ml/n, P*(B)=m2/n. Tak kak coObiTusi A 1 B HecoBmecTHbI, TO coObITHE A+B B HaHHOI cepuu
OIBITOB Npou3onuio ml+m?2 pa3. CnenoBaTenbHO,

prA =" M M pa gy Py

# noH

Taxum o6pazom, gactora coOsiTusi A+B paBHa cymme yactoT coObituii A u B. Ho mipu Gomnbimx
n gactotel P*(A), P*(B) u P*(A+B) maiio oTnnyaroTcs OT COOTBETCTBYIOIIMX BeposiTHOCTEH P(A),
P(B) u P(A+B). IloaToMy e€cCTeCTBEHHO NPUHAThH, 4TO €caid A U B — HecoBMecTHbIE COOBITHS, TO
P(A+B)=P(A)+P(B)

W3noxeHHOE MO3BOJISIET BBICKA3aTh CIIEAYIOIIME CBOMCTBA BEPOSTHOCTEM, KOTOPBIE MBI IpH-
HUMAaEeM B Ka4eCTBE aKCHOM.
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Axcuoma 1. Kaxnomy ciydaifHoMy cCOOBITHIO A COOTBETCTBYET ompenaenaeHHoe yucio P(A), Ha-

3bIBAEMOE €TI0 BEPOSITHOCTBIO U YIOBJIETBOPSIOIIEE YCIOBHIO V=rd)=1

Axcuoma 2. BeposITHOCTb TOCTOBEPHOTO COOBITHS paBHA €UHUIIE.

Axcuoma 3 (akcuoma cioxeHus BepositHoctei). Ilycte A m B — HecoBMecTHBIE COOBITHS.
Toraa BeposSITHOCTH TOTO, YTO MIPOU3OMAET XOTsI OBl OIHO U3 3TUX JABYX COOBITHIA, paBHA CyMME HX Be-
POSITHOCTEM:

P(A+B)=P(A)+P(B) (1)

Axcuoma 3 momyckaeT o000IIeHHe HA CITydail HECKOJIIBKUX COOBITHM, a UMEHHO: €CIH COOBITHS
Al, A2, ..., An, nonapHO HECOBMECTHBI, TO

FlA+A+ +A4)=FPlA)+FP(A)+ . +F(4,) (2)

CoObITHEM, TIPOTHBOMOIOKHBIM COOBITHIO A naseBaercst cobbitre 41, cocrosiee B HeHa-

CTYIUICHUU COOBITHSA A . O‘leBI/I,Z[HO, COOBITHS A u A HCCOBMCCTHBI.
HYCTB, Harpumep, COOBITHE J‘IiCOCTOI/IT B TOM, 4YTO U3ACIIUC YAOBJICTBOPACT CTAHAAPTY, TOTr'd4d

TIPOTHBOIIOIOKHOE COObITHE 4 3aKTI0UaeTCS B TOM, UTO M3/Ie/IHe CTAHAAPTY HE YIOBJIETBOPSET.
Iycts coGbiTie < — BhINaEHNE YETHOrO YMCIIA OYKOB IPH OJHOKPATHOM OPOCAHHH UIPaIbHOM
KOCTH; TOTJa < — BbINajIeHIe HEUETHOTO YHCIIA OUKOB.

Teopema 1. J{ist 106010 coObITUs + BEPOSTHOCTH MPOTHBOMOIOKHOTO COOBITHS  BRIpaXkaeTcs
pPaBEHCTBOM

F(dy=1- B4 (3)
I[OKaSaTeJ'IBCTBO. CO6BITI/I€ A + -El , COCTOAIIECC B HACTYIINICHUU WUJIU CO6LITI/I$I A , 1IN CO6BITI/I$I _;_ﬂ

, OUEBUJIHO, SIBIAETCS JOCTOBEPHEIM. 1103TOMY Ha ocHOBaHMH akcuoMsbl 2 nmeeM P( A +A)=1. Tak kax

cobbrrmst Au A HECOBMECTHBI, TO HCIONb3ys akcuoMmy 3, momyuum P(A+ A y=P(4)+P( A ).

Crenosarensho, P(<1)+P(4)=1, otkyna Ay =1-,l4)

Teopema 2. BeposSTHOCTh HEBO3MOXHOT'O COOBITHS PaBHA HYJIIO.
Jloka3arenbcTBO HENOCPEACTBEHHO CIIEYeT M3 aKCHOMBI 2 M TEOpeMbl 1, eciu 3aMeTHTbh, UTO
HEBO3MOXHOE COOBITHE MPOTHBOIOIOKHO JOCTOBEPHOMY COOBITHIO.

Knaccuueckoe onpeesieHre BEpOATHOCTH
Kax 0b1710 cKa3aHo BBIIIIE, MPU OOJBIIOM YHCIIE N UCHIBITAHUK YacToTa P*(A)=m/n nosiBieHus co-

ObITHA A 0051afaeT yCTOWYHMBOCTBIO U JaeT MPHOIIMKEHHOE 3HAYCHHE BEPOSITHOCTU COOBITHS A, TO
Py = PFA)

DTO0 00CTOSATENBCTBO TO3BOJSET HAXOAWTH MPHUOIMKEHHO BEPOSTHOCTH COOBITHS OIBITHBIM
nyTeMm. [IpakTruecku Takoil croco0 HaXOXACHHUS BEPOATHOCTH COOBITHS HE Bcerga yaoOeH. B psne
CIIy4aeB BEPOSITHOCTH COOBITHSI yAa€TCsl OMPENETIUTh 0 OIbITa C MOMOIIBIO TIOHATHS PABHOBEPOSTHO -
CTH COOBITUH (UM PAaBHOBO3MOXKHOCTH).

JIBa coOBITUSI HA3BIBAIOTCS PABHOBEPOSTHBIMU (MIM PABHOBO3MOXKHBIMH), €CITU HET HHMKAKUX
00BEKTUBHBIX MPUYUH CUUTATH, YTO OAHO U3 HUX MOXKET HACTYIUTH YaIle, YeM JPYroe.

Tak, Hampumep, MOSBJICHUs repda WM HAANUCU MPU OPOCAHUU MOHETHI MPEACTABISIOT COOOU
PaBHOBEPOSITHBIE COOBITHS.

Paccmotpum npyroii mpumep. Ilycts OpocaroT urpanbHyr0 KOCTh. B cuity cummerpuu KyOuka
MO>XHO CUHTaTh, YTO MOsIBJICHUE 000 u3 1udp 1, 2, 3, 4, 5 wim 6 0guHAKOBO BO3MOXKHO (paBHOBE-
POSITHO).

Coobbrtust E1L,E2, ..., EN B 1aHHOM orbITe 00pa3yoT MOJIHYIO TPYIINY, €CJIU B PE3yJIbTaTe OIbITa
JOJKHO TMPOM30UTHU XOTS OBl OHO M3 HUX. Tak, B MOCJIEIHEM MPUMEpPE MOJHAs TpyIna COOBITHI
COCTOMUT W3 MIECTU COOBITUI — mosiBNieHni nudp 1, 2, 3,4, S u 6.

€CTh,

OueBHIHO, M060E COOBITHE A 1 IPOTHBOIIONOKHOE eMy COOBITHE - 06pa3yIoT IOJHYIO TPYIIITY.
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CoObiTue B Ha3bIBaeTCs G1aronpUsTCTBYIOLIMM COOBITHIO A, €M HacTyIuleHue coobiTus B Bie-
4eT 3a COO0M HACTYIUICHHE COOBITHS A.

Tak, eciin A — MOsBJIEHUE YETHOTO YKCIa OYKOB MPU OpPOCAHUU MTPajbHON KOCTH, TO MOSBIIE-
HIUE TUQPHI 4 IpeIcTaBIIeT COO00H COObITHE, OIaroNPHUIATCTBYIONIEE COOBITHIO A.

[Tycts cobbrtust E1,E2, ..., EN B nanHOM ombITe 00pa3yloT MOJHYIO TPYIIY PaBHOBEPOSITHBIX U
NIOTIAPHO HECOBMECTHBIX cOOBITHH. ByieM Ha3pIBaTh MX McxonaMu uctbitanus. [Ipeanonoxum, 9ro co-
ObITHIO A OnaronpuaTrcTBYIOT M UCXOIOB ucHbITaHHUs. Torjga BepOsSTHOCTbIO COOBITHS A B JaHHOM
ombITe Ha3piBatoT oTHomeHne M/N. MTak, MbI TPUXOUM K CIIEIYIOMEMY OIPEICICHUIO.

BepositHocThio P(A) coObITHS B JJAaHHOM OIBITE Ha3bIBaeTCsl OTHOILEHHE 4uciaa M HCXomoB
OTIBITa, OJIATONPHUSTCTBYIONINX COOBITHIO A, K 00meMy urnciay N BO3MOXKHBIX HCXOJIOB OIBITa, 00pa3y-

IOMUX MMOJIHYHO I'PYIIITY paBHOBCPOSATHBIX ITOMMAPHO HECOBMECTHBIX COOBITHIA:
M

FlA) I

DTO omnpesiesieHne BEPOSITHOCTU YaCTO HA3bIBAIOT KJIACCHYECKUM. MOXKHO MOKa3aTh, YTO KJIaCCHU-
YECKOE OTPEICTICHUE YIOBICTBOPSICT AKCHOMaM BEPOSITHOCTH.

Ipumep 1. Ha 3aBoxa npue3nu napturo u3 1000 noammunaukoB. CiaydailHO B 3Ty MapTUIO TO-
najo 30 MOANIMITHUKOB, HE YIOBJICTBOPSIONINX cTaHAapTy. Onpeaenuts BepossTHOCTh P(A) Toro, uro
B3SITHIM HayJauy MOAMIUITHUK OKAXETCS CTAaHAAPTHBIM.

Pemenune: Yucno cranaapTHbiX noamdnHuKkoB paBHo 1000—30=970. byaem cuutaTh, 4TO Kax-
JIBIH TIOJIITUITHUK UMEET OJIMHAKOBYIO BEPOSITHOCTH OBITh BHIOPAHHBIM. TOT/1a MOJIHAs Tpyma COOBITUI

coctout n3 N=1000 paBHOBEPOATHBIX MCXOOB, U3 KOTOPHIX COOBITHIO A OmaronpusaTcTByoT M=970
ucxonoB. [Toaromy P(A)=M/N=970/1000=0.97.

Ipumep 2. B ypue 10 mapos: 3 6enbix u 7 depHbIX. M3 ypHBI BEIHUMAIOT cpasy JBa IIapa.
KakoBa BeposSITHOCTB p TOTO, UTO 00a I1apa OKaXyTcs OenbIMu?

Pemenne: UYncno N Bcex paBHOBEPOSITHBIX HCXOJOB MCIBITAHHMSI PAaBHO YHCIY CHOCOOOB,
KOTOPBIMU MOXHO U3 10 1mapoB BIHYTh JBa, T. €. YUCIY coueTanuii u3 10 3nemMeHToB no 2:

N:fjfn = L:
21010 - 231

Yucio 01 aromnpuATCTBYIOIINX UCXOJ0B:

M=0C%= 3 =
21(3- 21

CnenoBarenbHO, HICKOMast BEPOSITHOCTh
Mo3 1

z No45 15

IIpumep 3. B ypHe 2 3eneHblX, 7 KpacHbIX, 5 kopuuHeBbix M 10 Oembix mapos. Kakosa
BEPOSTHOCTH MOSBJICHUSI IIBETHOTO T11apa’?

Pemenne: Haxoaum cOOTBETCTBEHHO BEPOSITHOCTH TMOSIBJICHHSI 3€JIEHOTO, KPACHOTO U KOpUYHE-
BOTO IIAPOB:

P(zen.)=2/24; P(xp.)=7/24; P(xop.)=5/24. Tak kak paccMaTpuBaeMble COOBITHS, OYEBH]IHO,
HECOBMECTHBI, TO, IPUMEHSSI aKCHOMY CJIOXKEHUSI, HaliJIeM BEPOSITHOCTD MOSBIICHUSI IIBETHOTO II1apa:

s
Filye)= Flsea)+ O+ Pleop)l= —+—+—=—
(ye) = M zen)+ Hap )+ Flrop.) TRETREYitr

YcinoBHas BepoATHOCTh. TeopeMa yMHOKeHUsI BEPOSITHOCTEN

Bo MHoOrmx 3agayax MpUXOAUTCS HAXOAWUTh BEPOSATHOCTH COBMEIEHUs coObiTuii A u B, ecnu
W3BECTHBI BEPOATHOCTH cOOBITHI A 1 B.

PaccmoTpum cremytromiuii npumep. Ilycts Oporens! 18e MoHeThl. HaiiieM BeposTHOCTH MOsBIIE-
HUsl AByX repOoB. Mbl mMeeM 4 paBHOBEPOSATHBIX MOMNAPHO HECOBMECTHBIX MCX0J1a, 00pa3yroLuX
MOJIHYIO TPYIIITY:
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1-s1 MOHeTa 2-s1 MOHETA,
1-if ucxon repo rep0
2- UCXO0.I rep0 HaJNCh
3-i1 ucxog, HAAINCh repo
4-i ucxon HaOIINCh HaJUCh

Taxum o6pazom, P(rep6,rep6)=1/4. IlycTb Temepb HaM CTal0 W3BECTHO, YTO HA MEPBOIl MOHETE

BbInas rep6. Kak n3mMeHurcs mociae 3Toro BEpOSITHOCTh TOTO, UTO repO MOsSBUTCA Ha 00enX MOHeTax?
Tak kak Ha epBOi MOHETE BhINaI repO, TO TeNeph MOJHAas TPYIa COCTOUT U3 JBYX PABHOBEPOSITHBIX
HECOBMECTHBIX UCXOJOB:

1-9 MoHeTa 2-s1 MOHETA
1-if ucxon repo rep0
2-M UCXO0JI rep0 HaJINCh

[Tpu 3TOM TONBKO OJMH M3 UCXOAOB OJAaromnpuaTcTBYeT coObiThio (rep0O, repd). [losTomy npu
CICIIaHHBIX TpeanonoxeHusx P(rep0,rep0)=1/2. O6o3naunm yepe3 A mosiBJIeHUE ABYX IepOoB, a uepes
B — mnosiBienne rep6a Ha mepBoil MOHEeTe. MBI BUIMM, YTO BEPOSITHOCTH COOBITHS A M3MEHHIIACH,
KOTJIa CTaJI0 U3BECTHO, 4TO coObITHE B mpownsomnwio.

HoByio BepoATHOCTH cOOBITHSI A, B TIPEINONIOKEHUH, YTO MPOHM30LUIO0 coObITHE B, Oynem
o6o3nauats PB(A).

Takum obpazom, P(A)=1/4; PB(A)=1/2.

Teopema ymHoO:keHusi. BeposTHocTh coBMmelieHuss coObiTuii A n B paBHa npou3BeleHUIO
BEPOATHOCTH OJHOIO U3 HUX HA YCIOBHYIO BEPOSATHOCTH JPYIOrO, BBIUYMCIICHHYIO B IIPEAIOJIOKECHUH,
YTO MEPBOE COOBITHE OCYIECTBUIOCH, T. €.

P(AB)=P(A)PA(B) 4)

Jloka3aTebcTBO. J(OKa)XeM CIpaBeIMBOCTh COOTHOIIEHUS (4), OMUpasch Ha KJIACCHYECKOe
onpezenenue BepostHocTU. Ilycts Bo3moxHble ucxonsl El, E2, ..., EN gannoro omsiTa 0o0pa3yroT
HOJHYIO TPYIIy PaBHOBEPOATHBIX IOMAPHO HECOBMECTHBIX COOBITHH, M3 KOTOPBIX COOBITHIO A
OJs1aronpusaTCTBYI0T M HCXO0J0B, U IyCTh U3 3TUX M ucxoa0B L ncxo 0B 01aronpusaTcTBYOT COOBITHIO
B. OueBuaHO, uTO coBMeleHHIO coObITUi A 1 B GnaronpustctBytoT L u3 N BO3MOXXHBIX pe3yIbTaToOB
HCIIBITAHUA. DTO JaeT

_M L _ L
P4 =— P(AB)=— B(B)=—

b b

Takum o6pazom,

P(AB) = % - % : % = P(A) Py(B)

ITomensB mectamu A u B, aHanoru4Ho noixyyum

PlAB) = P(B) Fp(4) )
N3 dpopmyn (4) u (5) umeem
PA) By B) = PUE)FR(A) (6)

Teopema yMHOK€eHUs J1eTKO 00001IaeTcst Ha 1r000e KoHeUHoe uncio coObiTuil. Tak, Hanmpumep, B
cirydae Tpex coobithii Al, A2, A3 umeem *

P{ A A3 As )= PI{ Ay )45 )] = P{ Ay Ay )Py g (A3 )= PUA; ) By (A3 )P0 (A3)
B obmiem ciydae

Pl A Ay By )= P{ A )P (A )Py g (A3 )Py a(An) (7)
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BBenem Teneps ciaenymouee onpeneieHue. J[Ba coObiTusi A u B Ha3pIBalOTCS HE3aBUCUMBIMH,
€CJIM TIPEATNON0KEHHE O TOM, YTO MPOU3OIIJIO OJHO M3 HHUX, HE U3MEHSET BEPOSTHOCThH JIPYroro, TO
€CTh, €CIIN

FPr{A)=P(A) Py(B)=PF(B) (8)

N3 cootHomeHus (6) BBITEKAET, UTO U3 IBYX PABEHCTB (8) OAHO SBISETCS CIEACTBUEM IPYIOro.

[Tycth, Hampumep, coObiTHEe A — TMosiBIIeHHE repda MpH OJAHOKPATHOM OpOCAaHUU MOHETHI, a
coObiTHEe B — mosiBieHne kapTel OyOHOBOM MacTy MpY BEBIHUMAHUH KapThl U3 KOIoAbl. O4eBUIHO, YTO
coObiTus A u B HesaBucumbl. B ciiydae HezaBucumoctu coObithii A k B popmyna (4) npumer 6onee
IIPOCTOM BUL:

P(AB)= P(AJP(B) ©)

To ecTh BEpOSTHOCTH COBMEIIEHHS JIBYX HE3aBHCHMBIX COOBITHIA paBHA MPOU3BEIACHUIO BEPOSIT-
HOCTEH ATUX COOBITHIA.

Cobpitust Al, A2, ..., An Ha3bIBalOTCS HE3aBHCUMBIMH B COBOKYIHOCTH, €CITH BEPOSTHOCTH
HACTYTUICHHSI KaXJI0T0 U3 HUX HE MEHSET CBOETO 3HAYEHHS MOCJIe TOTO, KaK OJHO WJIM HECKOJBKO U3
OCTaJIbHBIX COOBITUH OCYIIIECTBUIINCH.

Hcxons u3 aToro onpeneneHus, B ciaydae He3aBUCUMOCTH coObITUi Al, A2, ..., An MeXIy co0oit
B COBOKYITHOCTH Ha OCHOBaHMHU (opMyJIbl (7) numeem

P A3 Ay Ay )= P A )P( A4 )..P( A, ) (10)

IIpumep 1. KakoBa BEpOSTHOCTH TOTO, YTO NpPU JAECATHKPATHOM OpOCAHHMH MOHETHI TepO
BeImazeT 10 pasz?

Pemenue: Ilyctp coObiTue Ai — mosiBiieHHE TepOa mpu i-M Opocanuu. VMickomasi BEpOsSTHOCTH
€CTh BEPOSATHOCTH COBMENICHMs BceX coObiThii Al (i=1,2,3,...,10), a Tak KaK OHH, OYEBHIHO, HE3ABU-
CHMBI B COBOKYITHOCTH, TO TipuMeHsist popmyiy (10), umeem

P{ Ay Ay . Ay )= P{ A3 )P Ay ). F{ Ay )

Ho P(Ai1)=1/2 nnst mo06oro i; moaToMy

IR

w3 (00N

Ilpumep 2. PaGouuii oOCITy>XKHMBaeT TpU CTaHKA, pabOTAIOIMMUX HE3aBUCUMO JPYr OT Jpyra.
BeposTHOCTE TOrO, 4TO B TEUEHHE Yaca CTAHOK HE MOTpedyeT BHUMaHHs pabouero, sl MEpBOTO
cranka pasHa 0,9, mns Broporo — 0,8, nnst tpersero — 0,7. Halitu: 1) BeposITHOCTH p TOTO, YTO B
TEYEHHE Yaca HU OJIUH U3 TPeX CTAHKOB HE MOTpeOyeT BHUMaHUs pabodero; 2) BEpOSITHOCTh TOTO, YTO
B TEUCHUE Yaca 1Mo KpaiHel Mepe OJIMH W3 CTAaHKOB HE OTpeOdyeT BHUMaHUs paboyero.

Pemenue:

1) Uckomyro BepoSITHOCTD p HaxoauM 1o Gopmyiie (10):

p=0.9-0,807=0504

2) BepoaTHOCTh TOTO, YTO B TEYCHHE Yaca CTAHOK MOTPeOyeT BHUMAaHUS Paboyero AJisi MepBOTro
ctanka paBHa 1—0,9=0,1, mist BToporo u Ais TPETbEro CTAHKOB OHA COOTBETCTBEHHO paBHAa 1—
0,8=0,2 u 1—0,7=0,3. Torma BepoOsATHOCTH TOTO, YTO B TE€YCHHE Yaca BCE TPU CTaHKA MOTPEOYIOT
BHUMaHus pabouero, Ha ocHoBaHUU (opmyiisl (10) cocraBnser

(,i-0,2-0,3=0,006

CoObITHE A, 3aKITIOYalOIIeecs B TOM, YTO B TEYEHHE Yaca BCE TPU CTAHKA MOTPEOYIOT BHUMAaHUS

pabouero, MPOTUBOIONOKHO COOBITHIO “1, COCTOSAIIEMY B TOM, YTO II0 KpaiHel Mepe OMH M3 CTAHKOB
He nmoTpedyet BHuMaHus padodero. [Toaromy o popmyre (3) momydaem

P{A)=1-P(A)=1-0,006=0,994
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IIpumep 3. U3 ypHbl, conepxareil 3 6enbix U 7 4epHbIX IIapoB, BHIHUMAIOT JiBa mapa. Kakoa
BEPOATHOCTH TOTO, YTO 00a I1apa OKakyTcsi OenbiMu ?

Pemenne: Ota 3agaua yxe Oblia pelieHa B 1. 3 ¢ IOMOIIBIO KJIACCUYECKOTO OIpeesieHHs Be-
positHocTH. PemnuMm ee, npumensiss gopmyny (5). V3Biaeuenune OByX MIapOB paBHOCHIBHO MOCIEAO-
BaTeNIbHOMY MX H3BJedeHuto. O003HauuM yepe3 A mosiBieHue OeJoro 1apa npu nepBoM U3BJIEUEHHH,
a uepe3 B — npu BTOpoMm. CoObITHE, COCTOAIIEE B MOSBICHUH JBYX OCNBIX IIapOB, SIBJISETCS COBMETIIE -
HueM coosiTuit A u B. [To popmyne (5) umeem

PfAB)=P{A)P4 B)

Ho P(A)=3/10; PA(B)=2/9, mocKkoJIbKY MOCJI€ TOTO, KaK OBLI BEIHYT IEPBBIA OCIbIA map, B ypHE
0CTaNoch 9 mapoB, U3 KOTOPHIX 2 OEIbIX.

CnenoBarennHO,
F(AB)= g2 4
a2 15

DopMy.Jia NOJHOH BEPOSATHOCTH
[TycTh coObITHE A MOXXET MPOU3OHTH TOJBKO BMECTE C OJHHUM H3 TOMAPHO HECOBMECTHBIX
coowituit H1, H2, ..., Hn, oOpasyromux noiayto rpynmy. Torna, eciy npou3onuio coobitue A, TO 3TO
3HAYMT, YTO MPOM3OIILIO OJTHO M3 MOTApPHO HECOBMECTHBIX coObiTuii H1A, H2A, ..., HnA.
CnenoBarenbHoO,
A=HA+H A+ +H A4

HpI/IMeHHH AKCHOMY CJIOKCHHA BCPOHTHOCTGIZ, NMECEM
P(A) = P(H A+ H A+ +H A) = P(HA) + P(H, A +. + P(H )

Ho LA = PUHDE (A 11 5 1) nostomy
P(A) = P(H) By (4) + P(H,) By (A) ++ P(H,) By (4) (n

Ota popmya Ha3pIBaeTCs (HOPMYJIION MOTHON BEPOSATHOCTH.
CoOprtust H1, H2, ..., Hn yacTo Ha3bIBalOT «THIIOTE3AMM).

IIpumep. B MarazuH nocTynwin 3JA€KTPUUYECKHUE JIAMIIOYKM OJHOTO THIIA, U3TOTOBJICHHBIE HA
YeThIpEX JIAMIOBBIX 3aBojiax: ¢ 1-ro 3aBoja 250 wt., co 2-ro — 525 wr., ¢ 3-ro — 275 wT. u ¢ 4-ro —
950 mwT. BeposTHOCTH TOTO, 4YTO Jamiouka nporoput 6onee 1500 gacos, ans 1-ro 3aBona pasna 0,15,
st 2-ro — 0,30, miig 3-ro — 0,20, qst 4-ro — 0,10. [Tpu packianke mo mojkam mMarazuHa JaMIOYKd
ObUIH TiepeMenianbl. KakoBa BEpOATHOCTh TOTO, YTO KYIUICHHAs JIamMIiouyka mporoput 6omnee 1500
4yacon?

Pemenne: Ilycte A — coObITHE, COCTOSIIEE B TOM, YTO Jammodka rnporoput 6omiee 1500 gacos,
a H1, H2, H3 u H4 — rumoTe3sl, 9TO OHAa M3rOTOBJICHA COOTBETCTBEHHO 1, 2, 3 unmm 4-M 3aBogoMm. Tak

Kak Bcero Jammodek 2000 IT., TO BEPOATHOCTU THIIOTE3 COOTBCTCTBCHHO PABHBI

ET}fJ::—EEEL::O,lzi
2000

P(H,) = 925 _ 42625
2000

P(H,) = %: 0,1375

PWQ:EE:Qﬂﬁ
2000

I[anee, H3 yCJIOBHA 3aJla4u CICAYCT, UTO
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P ()= 0,15

P, (4)=03
PL.(4)=02
Pay(d=0,1

Hcnonb3ys popmyity nonHoil BepostHocTH (11), nmeem
FlAy=0,125=0,15+0,2625x0,34+0,1375x0,240,475x0,1=0,1725

®opmy.a beiieca
[TpenmnonoxumM, 4To MPOU3BOJUTCS HEKOTOPHIM OIBIT, MpUYeM 00 YCIOBHUSX €ro MPOBEIACHUS

Hy Hy,. H

MOKHO BBICKA3aTb N €¢AHMHCTBCHHO BO3MOZKHBIX M HCCOBMCCTHBIX T'MIIOTEC3 TN , IMCIOIIIUX

FlH,; . .
BCPOATHOCTH { 1) . HYCTB B PE3YyJIbTAaTC OIbITa MOXCT IMPOU3OUTH HJIKM HEC IIPOU30UTH COOBITHE A,

: g (A =p
IMpU4YCM HU3BCCTHO, YTO CCJIMU OIIBIT IPOHUCXOAUT IIPHU BBIIIOJIHCHHUU T'HIIOTC3bI 1, TO H; !

G=12,.. %
CHpaIHI/IBaCTCH, KAaK U3MCHIATCA BepOHTHOCTI/I THUIIOTE3, €CJIN CTaJl0 U3BCCTHBIM, YTO COGBITI/IG A

o Pyl H;
HpOI/I3OIJ_IJ'IO? NupiMu CJIOBaMU, HAC UHTCPCCYIOT 3HAYCHU BEPOATHOCTCU AI: !:I

Ha ocnoBanuu cootnomenuii (4) u (5) umeem
P(H A) = Pg(H ) P(A) = Py (APH) =12, »)

OTKyJ1a

By (A P(H,
pA(H!.;.:M

Fid)

Ho no popmyiie monHoM BEpOSATHOCTH

Fld)= P(HI)PHI (A +P(H2)PH2 (A +... +£:’(H?,1)PH?2 (A =3 P(H B

=1
[TosTomy
By (A PCH,
Py(H)= T AP |
n G=12,. .7 (12)
> PlH Py
P

®opmyna (12) Ha3eiBaetcs popmyroii beiieca®.

Hpumep. Ha cknan noctynmio 1000 nogmmnaukoB. Y3 Hux 200 uzrotoBieHnsl Ha 1-M 3aBoje,
460—mna 2-m u 340 - Ha 3-M. BepogaTHOCTb TOTO, YTO MOIIMITHUK OKaXKETCS HECTAHAaPTHBIM, 1Jis1 1-T0
3aBoaa paBHa 0,03, mnsa 2-ro — 0,02, ana 3-ro — 0,01. B3sTeiii Hayaady NOAMIMIHUK OKa3alcs
HecTaHIapTHHIM. KakoBa BEpOSITHOCTh TOTO, YTO OH M3TOTOBJIEH 1-M 3aBOOM?

Pemenue: Ilyctb A — coObITHE, COCTOsAIIEE B TOM, UYTO B3sAThIN [loAMIMITHUK HECTaHIAPTHBIN, a

Hy, iy, 3 TUIIOTE3bI, YTO OH U3TOTOBJIEH COOTBETCTBEHHO 1-M, 2-M mium 3-M 3aBogoM. BepostHocTn
YKa3aHHBIX THIIOTE3 COCTABISIOT
200
P(Hy) = = =0,2
P(H,)= %: 0,46
P(Hy) = % =0,34

W3 ycioBus 3a1a4u CleLyeT, 4T0
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p1 =y (4)=0,03
Py =Fy (A)=002
p3 =y, (4)=10.01

. FPalH .
Ham{eM A( 1) , T. €. BEPOATHOCTL TOr'0o, 4TO MNOAIIMUITHHUK, OKa3aBIIHMUCA HCCTAHAAPTHBLIM,
usrotosiieH 1-m 3aBogom. [1o hopmyne beiteca nmeem

P{HH 0,2.0,03
PqlHp= = .
PlH O +PH ) py +P(H)py 0,2:0,0340,46-0,02+0,34.0,01
Takum 00pa3oM, BEpOSTHOCTb TMIIOTE3bI, YTO MOAIIUIHMK M3TOTOBJIEH 1-M 3aBOJOM, HM3Me-
HWJIACh 110CJIE TOT0, KaK CTaJIO U3BECTHO, YTO OH HECTAHJAPTEH.

0,322

E

IHocnenoBarenbHbie HcnbITaHUA. PopMmyJiia bepryn

IIpeamnonoxum, 4T0 NPOU3BOAUTCS N HE3ABUCUMBIX UCIBITAHUH, B PE3yJIbTaTe KaXKI0ro U3 KOTO-
PBIX MOXKET HACTYNHTh WM HE HACTyNHUTh HEKOTOpoe coObiThe A. [lycTh pu Kakl0M UCHBITAHUU Be-
POSITHOCTh HACTYIUIEHUs cOObITHS A paBHa P(A)=p u, cienoBaTenbHO, BEPOSITHOCTh POTUBOIOI0KHO-

Pldy=1-p=

ro coObITUsI (HEHACTYIUICHUST A) paBHa (4 £=4  Onpenenum BeposTHOCTH Pn(m) Toro, 4o
coObITHE A TIPOM30MIET M pa3 MPHU N UCHBITAHUAX. [Ipy 3TOM 3aMETUM, YTO HACTYTUICHUS WIIN He-
HACTYTUICHHUS COOBITHSI A MOTYT YepeZI0BaThCS Pa3IMYHBIM 00pa3oM. Y CIIOBHMCS 3aITUCHIBATH BO3MOXK-

HbIE Pe3yIbTAaThl UCIILITAHMI B Bue KoMOuHanuii 6yks A u A . Hanpumep, 3amuce 4444 o3pauaer,
YTO B YETBIPEX MCMBITAHUAX COOBITHE OCYIIECTBUIOCH B 1-M M 4-M CiIy4asx M HE OCYILECTBHIOCH BO 2-
M U 3-M cllydasx.

BCsKYI0 KOMOMHALMIO, B KOTOPYIO A BXOJHMT M Pa3 U -3 BXOAUT n-m pa3, HA30BEM GIarOIpHsT-
HoU. KonunuecTBo OnaronpusTHbIX KOMOMHALMN PaBHO KOJIMYECTBY K CHOCOOOB, KOTOPBHIMH MOKHO

BbIOpaTh M YHMCEJ U3 JAaHHBIX N; TAKUM 00pa3oM, OHO PaBHO YMCIY COYETaHHM M3 N JIEMEHTOB IO m,
TO €CTb

=

HOI[C‘H/ITaCM BEPOATHOCTHU 6J'IarOHpI/I$ITHBIX KOM6I/IH8.I_[I/II71. P ACCMOTpUM CHaydajlia cnyqaﬁ, Korga
coOrITHE A MPOUCXOAUT B MEPBBIX M HCHBITAHUAX H, CIICAOBATCIBHO, HC MPOUCXOAUT B OCTAJIbHBIX
n-m UCHbITaHUAX. Takas 6HaFOHpI/IHTHa$I KOM6I/IH8.I_[I/I$[ HUMECT CJ'Ie,Z[y'IOH_II/Iﬁ BUI:

mpar  n-m pas
BeposiTHOCTh 3TOM KOMOMHAIIMM B CHJIy HE3aBHUCHUMOCTH MCIBITAaHUNA (HA OCHOBAHUU TEOPEMBI
YMHOXEHUS BEPOSATHOCTEMN) COCTABIISIET

P(B)= P(4) P({l}...P(A]l P(A)P( %}___ PA)= P

m pas n—m pas

Tak kax B 1000H Apyroi O6aronpusTHON KoMOuHaIH Bi coObITHE A BCTpeuaeTcs Takke m pas,

a coObITHE ﬂHpOI/ICXO,Z[I/IT n-m pa3, TO BECPOATHOCTDH Ka)I(,HOﬁ U3 TaKHUX KOM6HH3HHI>1 TAaKXXE paBHaA
m_n—-m

Fdq . Utak,
FB)=F(B)=...= F(B)=p"g" "

Bce 6HaI‘OHpI/IHTHBI€ KOMGI/IHaHI/II/I SABJIAKOTCA, OUCBUIHO, HCCOBMCCTHBIMU.
[ToaTOMy (Ha OCHOBaHMH aKCHOMBI CJIOKEHHSI BEPOSTHOCTEH )

P(m)= P(B,+By+..+ B,) = P(B)+ P(B)+..+ P(B)=kp"g" ™ =" p"g"™
CnemoBaTensHO,

Bm)=Clptg™™ (13)
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WIIH, rm
TaK Kak " omln—m)! TO

!
ﬂ(m}—mp g (13"

®opmyna (13) HazeiBaetcs popmynoii bepuymmm *.

IIpumep 1. BeposarHocTh nomnagaHus B 1eNib MPU OAHOM BbIcTpese paBHa 0,6. KakoBa BeposiTHOCTH
TOTO, YTO 8 BBICTPEJIOB YT S5 TOMaJaHuii?
Pemenne: 3necn
n==,;

m=35;
p=0,6;
q=1-0,6=0,4.

Hcnonwsys popmyny (13'), umeem

21
g(ﬁ)—m( J6)5 (0,47 = 0,28

IIpumep 2. Urpanpayto kocTh OpocaroT 80 pa3. OnpenenuTs BEPOSTHOCTh TOTO, 4TO Iudpa 3
nosiButcs 20 pas.

Pemenne: 3aeco

m=20;

n=80;

p=1/6;

q=1-1/6=5/6;

nanee HaXO,Z[I/IM

10
Jupg = 80-—-——?
_m—ap 20— 80(1;’6)

ang 10/3
Ucnonwiys popmyiy (15), noayuum

r1 3
By 20y —— —— D122 2 [ 054= 0,0162
al 10

10/3 Jx

TakK U3 TabJIMYHOIO 3HAYEHUS HaxoJuM, 4TO

1 e
@ = 5 (2)= 0,054
27

Ipumep 3. B nmaptum u3 23 neraneit Haxonsarcs 10 OpakoBaHHBIX. BRIHUMAIOT U3 mapTuu Hayza-
qy aBe jAerand. Mcrnonb3ys KJIACCHUECKOE OMpeAeieHHE TEOPHHM BEPOSITHOCTU ONpPENEeINTh, KaKoBa
BEPOATHOCTH TOT'0, YTO 00€ JETAIN OKAXKYTCsl OpaKOBaHHBIMHU.

Pemenne:

Yucno N Bcex paBHOBEPOSATHBIX MUCXOJI0B UCIIBITAHUS PAaBHO YUCIY CIIOCOOOB, KOTOPBIMH MOYKHO U3
23 neranieil BBIHYTH ABE, T.€. YUCITY COYETaHUMN U3 23 3JIEMEHTOB 10 2:
2 231

BT o- o

Uwucio 6s1aronpusiTHBIX UCXOI0B
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a1
Yol - 21

CJ'IC,Z[OBaTeJ'IBHO, HCKOMas BEPOATHOCTb

p:£:£m0.1?8
233

N

IIpumep 4. B smuke nexat mapsl: 4 6enbix, 10 kpacHbIX, 8 3eeHbIX, 9 KopuuHeBbIX. 13 smuka
BBIHUMAIOT oAuH wmap. [Ioap3ysck TEOpeMON CIOKEHUs BEPOSTHOCTEM OIPENENINTh, KaKOBa BEPOSAT-
HOCTb, UTO IIIap OKAXKETCS I[BETHHIM (HE OebiM) ?

Pemenune:

Bcero B simuke nexut N=4+10+8+9=31 map.
BeposATHOCTB BBITAIIUTH KPACHBIN 1IAP

Fen :@ :Em 0.3226
N3]
BeposTHOCTD BBITAILUTh 3€ICHBIN 1IAP
M, 8

B =232 502581
N 31

BepOHTHOCTL BBITAIIIUTH KOpH‘lHGBLIﬁ map

M 9
Fypp= —20F =

— s [0.25903
N 31

Tak Kak 3TH TpH COOBITUS HECOBMECTHBI, TO, IOJB3YSIChb TEOPEMOH CIOXKEHUS BEPOSITHOCTEH,
OTIpeJIeIUM BEPOSITHOCTh TOT'O, YTO IIAp OKAXETCs [IBETHBIM (He OeJibIM)
F=F o+ B+, =03226+025581+0.2503= 0371

ITpumep S. B Bonpocax k 3aueTy umerorcs 75% BOIPOCOB, Ha KOTOPBIE CTYIEHTBI 3HAIOT OT-
BeThl. [IpenonaBarens BbIOMpaeT U3 HUX J[Ba BOIIPOCA U 33JaeT UX CTyAeHTy. Onpenenursb BE-
POSATHOCTBH TOT'O, YTO CpPeId MOJYYEHHBIX CTYJEHTOM BOIIPOCOB €CTh XOTsS Obl OJMH, HAa KOTOPBIM OH
3HAET OTBET.

Pemenne:

BepositHocTh  BRITAaUTh  3HaKoMmbld  Bompoc  p=0.75, HesHakombli q=1-p=1-0.75=0.25.
ITycts H1 - runotesa, 4To CTYIEHT HE 3HAET HU OJJHOTO U3 2-X BOIPOCOB.
BeposTHOCTB 3TOM r'MIOTE3HBI:

P(H) =g ¢=025%0.25=0.0625

Hckomas BEpOSTHOCTh COOTBETCTBEHHO paBHa:
F=1-FH)=1-00625=02%375

IIpumep 6. Ha ckitane Haxomsres 26 neraneid u3 KOTopsix 13 cranmaptaeie. Pabouwmii Oeper Ha-
yrang nBe petrand. [lonb3ysach TeopemMoil YMHOXKEHHS BEpPOSITHOCTEH 3aBUCHUMBIX COOBITHIA,
OTIPENIETUTh BEPOSITHOCTH TOTO, YTO 00€ JIETaTN OKaXXYTCS CTaHIaPTHBIMH.

Pemenue:

N3Bnedenne AByX neraneil paBHOCWIBHO MOCIEA0BATEIbBHOMY UX M3BjIeUeHUI0. O003HaYNM yepe3 A
- IOSIBTICHUE CTAHIAPTHOM JIeTally U MePBOM U3BJICUEHUH, a yepe3 B - mpu BTopom. CobbITHE, COCTO-
Alllee B HW3BJICUCHUU JBYX CTaHIAPTHBIX JETajleil, SBISETCS COBMEIICHHEM coObITuiH A u B.
[Tonb3ysick TEOpEMON YMHOXKEHHS BEPOATHOCTEN UMEEM:

P(AB)=P(4) F(B)
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13
PlA)y=—
(A=

ITockonbKy mocne TOro, kak Oblaa BbIHYTa IEpBas CTaHAApTHAas JETalb Ha CKIALE OCTaloCh 25

JeTaneu, U3 KOTOphIX 12 cTaHIapTHBIX, TO

F(B)=—=

5 , Toraa
_13 12 156,

= . = ®— ==
PLAB) = P(A) 5(5) % 55 Ta0
IIpumep 7. B cOopouHBlii 1IeX MOCTYNUIIM AETalU C TpeX CTaHKoB. Ha mepBoMm cTaHke W3roTOB-
neHo 51% pnetaneit OT UX 0OOIIEro KOJU4ecTBa, Ha BTOpoM cTaHke 24% u Ha TpetbeM 25%. [Ipu aTom
Ha NepBOM cTaHKe OblIo u3roroBineHo 90% peraneil mepBoro copta, Ha BTopoM 80% U Ha TpeTbeM
70%. Wcnoms3yst hopMyITy TIOTHONW BEPOSTHOCTH ONPECIIUTh, KAKOBa BEPOSITHOCTH TOTO, UYTO B3sTast
Hayraj JeTajlb OKaXXeTcs epBoro copra’?

Pemenne:
ITyctb A - coObITHE, COCTOSIIEE B TOM, UTO B3siTas A€Tajlb OKaXkeTcs nepsoro copra, a H1, H2 u H3 -
TUIIOTE3bl, YTO OHA U3TOTOBJIEHA COOTBETCTBEHHO Ha 1, 2 1 3 cTaHKe.
BeposITHOCTH 3TUX FMIOTE3 COOTBETCTBEHHO PaBHBI:

P(H,)=0.51
P(H,)=0.24
P(H,) =025

Aaajice U3 yCJIOBUA 3aaa4u CICAYCT, YTO:
B (A4)=09

B, (A)=08
P (4)=07

Hcnons3yst (hopMyITy MOJTHOM BEPOSITHOCTH, TIOJyYUM HCKOMYIO BEPOSITHOCTh
PlA) = PUH) Pgg(A) + FH ) Py (A + P(HL) Fp(A) =

=051« 0.8+ 024084+ 0.25x07= 01826

IIpumep 8. Mimeercs Tpu 0IMHAKOBBIX 10 BUAY SIIUKa. B mepBom siuke HaxoauTcest 26 OebIX mapos,
BO BTOpoM 15 Genbix u 11 yepHBIX, B TpeThbeM sIIUKe 26 4YepHBIX mIapoB. M3 BBIOpaHHOTO Hayraj
AIMKa BRIHYJW Oenblid map. Mcnonsdys ¢opmyny baiieca BEIYHCIUTE BEPOSTHOCTH TOTO, YTO OCNBIN
11ap BBIHYT U3 MEPBOTO SILIUKA.

Pemenue:

[Tycth A - coObITHE, COCTOSIIIEe B TOM, UYTO B3ATHIN ImIap okaxetcs 6enpiM, a H1 u H2 - rumotessl,
9TO OH OBUI B3AT U3 1-ro u 2-ro smwmka. (TpeTuil Amuk paccMaTpuBaTh HE OyleM, T.K. TaM TOJBKO
YepHBIE MIApPhI, a U3 YCIOBUH U3BECTHO, YTO BRIHYT HIMEHHO O€IBIi 11ap.)

BeposiTHOCTH yKa3aHHBIX TUIIOTE3 COOTBETCTBEHHO PABHBI:

M, 26
P(H)="1="=05
M, 15

P{H)=—=—m 02885
N5 , 31ecb N=26+15+11=52 - koa1uecTBO WAPOB B 1-M U 2-M SIUKAX.

N3 YCJI0BHA 3aa4d CICAYCT, UTO:
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26
=F, (A1=—=1
2 m( ) T3

Py = P (A)= %m 0.5769

Haiinem PA(H1), T.e. BEpOSATHOCTB TOTO, YTO BBIHYTBIN O€IIbIi 1mIap ObLI B3SIT U3 1-T0 sIIuKa.

Py(H) = FUH) Py _ 0.5>1 & 075
VT P HY p + P(H,) py, 0.5%1+0.2885%0.5769

IIpumep 9. BepoATHOCTH HW3rOTOBICHUS HecTaHgapTHOM netanu paBHa 0.11. Ilomwp3ysce
dopmynoit bepHysin HallTH BEPOSTHOCTH TOTO, YTO M3 IATH HAyJady B3SATHIX JAeTanel OyIyT deTsipe
CTaHIapTHBIX.

Pemenune: ®opmyna bepuymu:
7l

£ (w1 Ty Prg
B cooTBeTcTBUU C HCXOHBIMH TAaHHBIMU, 3]1€Ch:
q=0.11
p=1-q=1-0.11=0.89
n=5
m=4 Ucnone3ys ¢popmyny bepnymm, nmomxydum:
B4 = 2 089 X015 = 5% 0,89 x0.11x 0.345
45— 431

Ilopsinok npoBeneHust padoThbI:

Hcnone3yst TeopeTHUecKrue CBEJCHNUS, BBITOIHUTH NPEUIOKEHHOE TIPETIo1aBaTeIeM 3a/1aHHe, COOTBET-
CTBYIOIIUM 00pa3zoM ohopMHUTH paboTy.

Ilepeuens 3axanmii:

Bapuanrt 1
1. CKOJBKMMH CIIOCOOAMH MOKHO COCTAaBUTh TPEXIIBETHBIA IMoOJIocaThlid (par, eciu mmeercs
MaTepHual S5 pa3INYHbIX [IBETOB?
2. CKOJBbKO YETBIPEX3HAUHBIX YHUCEN MOXXHO cocTaBUTh U3 mudp 1,2,3,4 mpu ycinoBuu, 4To
Kax/1as 1udpa MOKET COAEP>KaThCs B 3alIMCH YUCIIA JINIIb HEYETHOE YUCIIO pa3?
3. Pernre ypauenne C;~° +2x =9

4. VI3 xonoibl B 36 KapT BHITACKUBAIOT JIBE KapThl. KakoBa BEPOSITHOCTh U3BJIEYD MIPU ATOM 2 Ty3a?

Bapuant 2
1. B saxt-kiybe coctroutr 9 uenoBek. M3 HUX Hamo BIOpaTh mpeaceaaTests, 3aMECTUTENs,
cekpeTaps u kazHayesi. CKOJIbKMMH CIIOCO0aMU 3TO MOXHO CIeNaTh?
2. CKOJBKO YETBIPEX3HAYHBIX YHCEN MOXKHO cocTaBUTh U3 mudp 1,2,3,0 mpu ycioBum, 4to
Kaxkaasi nudpa MoKeT cofepxKaThCsl B 3aMUCH YUCIa JUIb 1 pa3?
x=2 2
3. Pemmte ypaBaenne C; | =x” —13,

4. W3 xosoas!l B 36 KapT BHITACKMBAIOT TPpU KapThl. KakoBa BEpOSITHOCTH TOTO, UTO BCE OHU TY3bI?

Bapuanr 3
1. W3 30 uieHOB CHOPTUBHOrO KiIy0a HaJ0 HE TOJHKO COCTaBUTh KOMAaHAY U3 4 YeJIOBEK M
y4acTusi B 4ETbIPEXITaHOM AcTadere, HO U ONPENEIUTh MOPSJIOK BbIXOAA CIIOPTCMEHOB Ha 3Tallbl.
CKONBKMMHU cIOCO0aMH 3TO MOYKHO C/IeNaTh?

52



2. CKOJBKO TpeX3HAaYHbIX YMCENl MOXXKHO COCTaBUTh M3 mupp 1,2,3 mpu ycnoBuu, 4to LUPpPHI
MOTYT ITOBTOPSATHCS?

3. Pemmte ypaBHenue A, , —C. =79.

4. B ypae Haxoautcs 3 Oenbix U 4 dyepHbIX mapa. KakoBa BeposITHOCTh TOTO, YTO BBIHYTHIE U3
Hee Hay/Jauy JBa Iapa OKaXxyTcs OenbiMu?

Bapmuanr 4

1. B ropoackoii nyme 30 uenoBek. M3 HEX Hamo BBIOpaTh MpeAceaaresis U TPEX €ro 3aMecTH-
tenei. CKOTBKUMU CIIOCOOAMH 3TO MOYKHO CIeaTh?

2. CKOJBKO TpeX3HAYHBIX YMCET MOXKHO COCTaBUTH U3 udp 1,2,3,4,0 mpu ycaoBuM, 4TO KaXKaas
Qpa MOXKET COJEePKATHCS B 3aIMCH YUCIA JTUIIb | pa3?

3. Pemmre ypaBuenne A, —6C > =0,

4. B ypHe Haxoautcs 2 6enbiX, 3 KpacHBIX U 16 depHbIX mapoB. KakoBa BEpOsATHOCTH TOTO, YTO
U3 BBIHYTHIX U3 HEE HayJauy JABYX IIapOB OJMH OKaXXeTCs OENbIM, a IPYroil KpacHbIM?

Bapmuanr §

1. CkoJBKUMHU CIIOCOOaMU MOYKHO BBIOpATh M3 MOJIHOW KOJIOJBI, coep Kaiieit 36 kapt, 4 KapThbl
pa3HbIX MacTel MpHU YCIOBUHU, YTO CPEAM BBIHYTBHIX KapT HET HU OJHOM Mapbl KapT OAMHAKOBOIO
IOCTOUHCTBA?

2. CKOJBKO YeThIPEX3HAYHBIX YHCET MOXHO COCTaBUTh U3 tudp 1,2,3 mpu ycioBum, 4To OJHA U
TOJILKO OJTHA II(pa COAEPKUTCA B 3aMKUCH YHCIIAa YETHOE YUCIIO pa3?

<l 3
cr, 5°
AN 1
A a1

4. B norepee 4 BHIMIPHIIHBIX Omieta U 96 mycThix. KakoBa BepoOsTHOCTH TOrO, YTO Ha
10 KyTJIeHHBIX OMJIETOB BBITIAJIET XOTSI ObI OJMH BBIMTPHIII?

3. Pemmte cucremy ypaBHEHUH

BapuanT 6
1. B xmacce 15 neBouek u 17 manpuukoB. s nexypcTBa Ha M30MpaTEIbHOM y4acTKe HaJlo
BBIJICJINTh TPEX JIEBOYEK U JIBYX MAJIbYMKOB. CKOJIBKMMHU CIIOCOOaMH 3TO MOXKHO CJI€JIaTh?
2. CKOJBKO YeThIpEeX3HAYHBIX YUCET MOXKHO COCTaBUTh U3 nu¢p 1,2,0 mpu ycnoBuu, 4To OHA U

TOJILKO OJTHA IIU(pa CONEPKUTCS B 3allMCU YHUCTIa YETHOE YHUCIIO pa3?

< s

o 'k =

3. Pemure cucteMy ypaBHEHHI 14,‘.. , N
A

14

W

=
4. W3 kononsl B 36 KapT HayJady BbIHMMaIOT 3 kapThl. KakoBa BEpOSATHOCTH TOTO, YTO Cpeau
HUX OKaXKeTCs XOTs Obl OIUH TY3?

[Ipaktrueckas padora Ne 11
Penienue 3aga4 nmo treme «MaTteMaTudeckas CTAaTHCTHKA»

[leab pa6oThl:

Hcnonp3ys TeopeTHUeCKHil Marepuan M oOpaslbl pelIeHus 3agad, PElIUTbh NPUMEpPhl M0 TeMe
«MaremaTH4ecKasi CTaTUCTHKAY.

Kparkue Teopernyeckne cBeJIleHUs:

Knaccuueckoe onpedenenue éeposmuocmu
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Paznen MmaTeMaTuky, U3y4yarolnii 3aKOHOMEPHOCTH CITy4alHBIX COOBITHH, Ha3bIBae€TCs TEOpHEH
BEPOSITHOCTEH.

BepositHocThto P(A) coObiTusSs A B HUCHBITAHHUM C PAaBHOBO3MOXKHBIMH 3JIEMEHTAPHBIMHU
HCXoJaMH Ha3bIBAalOT OTHOIIICHHUE YHCJIa UCXOO0B 1M, 6J'IaFOHpI/I5[TCTBYIOHII/IX COOBITHIO A, K 9uClly n
BCEX UCXOJIOB UCIIBITAaHUS.

P(4) = —

n

Ilpumep 1: B maptum u3 30 mukcepoB 2 OpakoBaHHBIX. HailTH BEpOSTHOCTh KYIUTh UCTIPABHBIN
MHKCep.
n=30m=30-2=28
28 14
30 15
AKCHOMBI BEpOSITHOCTEH:
Kaxxnmomy coObITHIO A TTOCTaBJIECHO B COOTBETCTBHE HEOTpHUIIATEIbHOE uncio P(A), Ha3siBaeMoe
BEPOATHOCTHIO COOBITHS A.
Ecnu coOwitust Ay, A, ... monapHo HecOBMECTHBI, TO P(A+Ax+...)=P(A)+P(Ax)+...

CBolicTBa BEPOATHOCTEN:
BeposiTHOCTH HEBO3MOXKHOTO COOBITHS paBHa HyJt0 P=0.
BeposiTHOCTB 10CcTOBEpHOTO COOBITHS paBHa enunmIe P=1.
BeposiTHOCTB MPOU3BOIBHOTO CiTy4aiiHOro coObITUS A 3akmtovyaercs mexay 0 u 1: 0<P(A)<I.

Ipumep 2: N3 34 sx3aMeHAIIMOHHBIX OUJIETOB, MPOHYMEPOBAHHBIX C MOMOIIBI0 YKcen OT 1 110
34, maynady u3BlekaeTcs oauH. KakoBa BEpOATHOCTh, YTO HOMEDP BBITSIHYTOTO OWIIETa €CTh YHCIIO,
KpPaTHOE TPEM.

Pewenue: Haiinem konuuectBo uncen ot 1 10 34, kpaTHeIX TpeM. 1o uucna 3, 6,9, 12, 15, 18,
21,24, 27, 30, 33. Bcero takux uucen 11. Takum 06pa3om, nuckomasi BEpOSITHOCTb P = ;—i

CoObiTist A 1 B Ha3pIBalOTCS COBMECTHBIMH, €CJIM OHH MOTYT OJTHOBPEMEHHO MPOU30WTH, U
HECOBMECTHBIMH, €CJIH MPU OCYIIECTBIEHUH OJTHOTO COOBITHS HE MOXKET TPOU30UTH JPYTOE.

CobOpiTsi A u B HaspBaloTCs HE3aBUCHUMBIMHU, €CIH BEPOSTHOCTh HACTYIUICHUS OIHOTO
COOBITHSI HE 3aBUCUT OT TOTO, IPOU3OIILIO APYTOo€ COOBITUE UITH HET.

BeposITHOCTh CyMMBI IByX COBMECTHBIX COOBITHI paBHA CyMMeE BEPOSTHOCTEH ciiaraeMbix 0e3
BeposiTHOCcTH npousBencuus: P(A+B)=P(A)+P(B)-P(AB)

Ilpumep 3: BeposTHOCTh nopakeHus: onHou mumenu — 0,7, a apyroit — 0,8. KakoBa Beposr-
HOCTBb, 4YTO GYI[GT opax€Ha XOT: 6131 OIHa MHUIICHb, €CJIM 11O HUM CTPCIAOT HE3aBUCHUMO OPYI' OT

apyra.
Pewenue: T.x. coobrtust coBmectsl, To p=0,7+0,8-0,7-0,8=1,5-0,56=0,94

BepOSITHOCTL CYMMBI JIBYX HCCOBMCCTHBIX CO6BITI/II71 paBHa CyMM¢C BCpOHTHOCTeﬁ cJlara€MabIX:
P(A+B)=P(A)+P(B).
P(A)+P()=1

YcioBHAsE BEPOSATHOCTh — BEPOSITHOCTh OJIHOTO COOBITHS, IPU YCIIOBHH, YTO JPYroe COOBITHE
YK€ TIPOU3OIILIO.

BepositHOCTh TIpou3BezicHUst coObITHII A U B paBHa MpoW3BENCHUIO BEPOSTHOCTH OJHOTO H3
HUX Ha YCIOBHYIO BeposITHOCTH ipyroro: P(AB)=P(A)-P(A/B) wiu P(BA)=P(A)-P(B/A)

BeposiTHOCTB TpOn3BeICHHS IBYX HE3aBUCUMBIX COOBITHI A U B paBHA MpOU3BEICHUIO BEPOSAT-
HocTeil comHoxuteneit: P(AB)=P(A)-P(B).

54



Ilpumep 4: B aByx kopoOKax Jiexar pydKd pa3HOro mBeTa. B mepBoit kopoOke — 4 KpacHBIX H
6 4epHbIX, BO BTOPOIl — 3 KpacHbIX, 5 CHHUX U 2 4epHbIX. 3 00enx KOpoOOK BHIHMMAIOT IO OJHOMN
pyuxu. HaiiTu BeposiTHOCTb, 4TO 00€ PyUKH KpacHbIE.

Pewenue: Halinem BeposSTHOCTH BBITALUTH KPACHYIO PYUKY U3 KaXKJ10M KOPOOKH

n, =10
m =4

_ 4
P = E
n, =10
m, =3

3
P, = E

4 3 12

Torma BeposSITHOCTB TOTO, UTO 00€ PYYKU KpacHbIe: P = p, - p, = B . E = ﬁ =0,12

Ilonnas eeposmuocms. @opmyna batieca

Ecnu cobpiTHe A MOKET MPOU30UTH TOJNBKO MPU BBIMOJIHEHUH OJHOTO U3 coObiTuit Hi, Ho, ...,
KOTOpBIe 00pa3yIOT MOJHYIO TPYIITY HECOBMECTHBIX COOBITHI, TO BEPOSTHOCTH COOBITHSI A BBIYHCIISET-
cs o hopmyie

p(A)=p(H,)-p(A/H,)+p(H,)-p(A/ H,) +p(H;) - p(A/ Hy) +...

Ota popmyina Ha3piBaeTCs GOPMYIION MOTHOM BEPOSITHOCTH.

Ecnu BBIMONMHSAIOTCA BCE YCIOBHSA, UMEIOIIUE MECTO JUIsi (pOPMYIbI TOJHOW BEPOSITHOCTH, H
P(A) %0, 1o BBITIOJIHAETCS PaBEHCTBO, HasbiBaeMoe GpopMyiioi baiieca:

p(H,/A) _ p(H[)p(A/ H[)

P(A)

Ilpumep 1: B nepBoil maptuu 20 namm, Bo BTopod — 30 jmamm u B Tperbel — 50 jami.
BepositTHOCTH TOTO, 4TO MpopaboTaeT 3aJaHHOE BpeMsl, paBHa ajs nepod naptuu 0,7, 1y1st BTOpor —
0,8 u ms Tperbe maptum — 0,9. KakoBa BEpOATHOCTh TOTO, YTO Hayaady B3sATas jamIia mpopadoTaeT
3aaHHoe BpeMs? HailTu BEepOSITHOCTB, YTO 3Ta jlaMIla IPUHAAJIEKUT NIEpBON mapTun?

Pewenue: Tlyctb coObiTHE A — Hayauy B3sTast JamIia IpopaboTaeT 3aJJaHHOE BPEeMs.

Torna, mycte H, — mammna u3 nepsoii nmaptun, H, — nmammna u3 BTopoi naptun u H; — namma u3
Tperheil maptuu. Toraa codsitne A/H, — namma u3 nepBoii maptuu npopaboTtaeT 3amanHoe Bpemsi, A/H,
— JIaMIIa U3 BTOPOW MapTHH MpopadboTaeT 3aaaHHoe BpeMs 1 A/H; — mamma u3 TpeTbell mapTuu mpopa-
Ootaet 3a1anHoe BpeMs. HaiiniemM BeposiTHOCTH
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n=20+30+50=100

20
»H)=—-=0,2
p(H)) 100

30
H,)=—=0,3
pt.) 100

50
W H,)=——=0,5
P 3) 100
p(A/H))=0,7
p(A/H,)=0,8
p(A/H,)=0,9

p(A)=p(H))-p(A/H))+p(H,) p(A/H,) +p(H,) -p(A/H,) =

=0,2-0,7+0,3-0,8+0,5-0,9=0,14+ 0,24+ 0,45= 0,83

Teneps, ucnonn3ys Gopmyity baiieca, HaiiieM BEpOSITHOCTh TOTO, YTO 3Ta JIaMIIa TIPUHAICIKUT
IIEPBOM MapTHH

p(Hl/A): p(Hl)p(A/Hl) — 032057

~0,169
p(A) 0,83

IIpumep 2: Vimerorcst 3 oquHaKoBble ypHBL. B niepBoii ypHe HaxoaaTcs 5 GesbIX U 7 YepHBIX I1a-
POB, BO BTOPOil — TOJIBKO O€Jible U B TPEThel — TOJIbKO uepHble. Hayraa BeiOMparoTcs ypHa U U3 Hee U3-
BJIeKaeTcst ofuH map. KakoBa BEpOSTHOCTb, UTO TOT IIap OesbIid?

Pewenue: Tlycth coObITHE A — U3BNIEKaeTCs OEIBII Iap.

Torpa myctes Hy — map u3 nepsoit ypubl, H, — map u3 Bropoit ypusl 1 H; — map u3 tpetbeit
ypHbl. Torna cobsitne A/H, — Genblii map u3 nepBoil ypHbsl, A/H, — Genblii map u3 BTOpoi ypHBI U
A/H; — Genpii map u3 TpeTheit ypHel. Haiinem BeposTHOCTH

1
P(Hl)*g
;)(IL)=l

)= 3
p(li):l

3

: 5
PA Hl)*ﬁ
P(A/H,) =1
P(A/JH,)=0

p(A)=p(H,)-p(A/H )+ p(H,) p(A/H,)+p(H,) p(A/ H,) =
15 1.1 5 1 17

= 4t ]l+—- (= —=—
312 3 3 36 3 36

@opmyna bBepuyniu
1) BeposiTHOCTH TOr0, YTO COOBITHE A HACTYMUT POBHO M pa3 MpU MPOBEJCHUH N HE3aBU-
CUMBIX HUCHBITAHUM, KaXKIbIH M3 KOTOPBIX MMEET POBHO JBa HMCXOJA BBIYUCISETCS IO

dopmyie bepuymmn £ (m)=C" p"(1-p)"",m=0,1,2,...,n

Ilpumep I: BepoATHOCTb BBIMIpHINIA 110 OJHOMY JoTepeiiHomy Ouiery pasHa 0,2. Haiitu
BEPOSITHOCTb, UTO U3 6 MPHOOPETEHHBIX OUIIETOB 2 OKaXYTCs BBIUTPBIIIHBIMH.
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Pewenue:

p=0,2
n==6
m=2

o s 0! ,
F(m)=C p" (1= p)™ = C10,2(1-0,2)" =—=--0,04-0.8" 0,246

2) BeposATHOCTb HacTyIIEHUS COOBITHS A XOTs OBl OJIMH pa3 IpHU MIPOBEIEHUHU N HE3aBUCUMBIX
UCIIBITAHUIA, YI0BJIETBOPSIOINX cxeme bepuyim, papua P (m>1)=1-q",g=1-p

Ipumep 2: Tlpubop COCTOUT U3 IMIECTU IIEMEHTOB, padOTAIONIUX HE3aBUCUMO JIPYT OT ApyTa.
BepositHOCTh 0€30TKa3HOM pabOThl KaXXJIOTO dSJEMEHTa 3a orpezelieHHoe Bpems paBHa 0,6. [lns
0e30TKa3HOM paboTHI MPHOOpa HEOOXOAUMO, YTOOBI XOTS OBl OJIMH dJIEMEHT ObLT uctpaBeH. Kakoa Be-

POSITHOCTB, YTO 3a JIAaHHOE BpeMs Mpuoop OyaeT padboTaTh 6€30TKa3HO?
Pewenue:
p=0,6= ¢g=0,4

n==6
m=>1

P(m=1)=1-0,4° ~ 0,9959

3) BeposiTHOCTH HacTyMIEHUS COOBITUS A XOTS OBl OJIMH Pa3 IpHU MIPOBEIEHUU N HE3ABUCUMBIX
UCTIBITAHUH, YJOBIETBOPSIOMMX cxeMme bepHysin, HACTYNIUT HE MEHee m; U He Oosee my

11,

pas BeraucIsieres o popmyie £, (m, <m<m,)=>"F,(m)

my

IIpumep 3: HailTu BepOsATHOCTbh OCYLIECTBICHHS OT ABYX JI0 YEThIpPEX Pa3roBOPOB 110 TeaehoHy
1py HAOIIOIEHUH IATH HE3aBUCUMBIX BBI30BOB, €CJIM BEPOSTHOCTh TOTO, YTO PA3rOBOP COCTOMUTCS, paB-

Ha 0,7.
Pewenue:
p =07

n=>5
2<m<4

P2<m<4)=C:-0,77(1-0,7) " +C-0,7°(1-0,7) " +C:-0,7°(1-0,7) " = 0,801

4) HawuseposiTHeillllee 3HAYEHHE Mo YUCIIA HACTYIUIEHMsI COOBITHSI A TpHU NPOBEIACHUM N
MOBTOPHBIX HE3aBUCHUMBIX MCIIBITAHUH, YIOBIETBOPSIOMUX cXxeMe bepHyin, BeIUUCIAETCS

np—q<m,<np+p
o Gopyze n, —(l—p)SmO <mp+p

Ilpumep 4: Marasun nomyuus 50 neraneid. BeposTHOCTh HajnMuus HECTAHJIAPTHOM JE€TalUd B
naptuu pasHa 0,05. Halitu HanOosiee BepoSATHOE YMCIIO HECTAHJAPTHBIX JeTaliel B HapTUH.
Pewenue:
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p=0,05

n=>50

my—?

qg=1-p=1-0,05=0,95
50-0,05-0,95<m, <50-0,05+0,05
1,55<m, <2,55

my =2

Huckpemnas ciy4ainas 6eiuduna u ee Yuciosble XapaKmepucmuxu
Cnyuvaiinas BenuunHa X — 910 ymcioBas (QyHkuus X = f (Cf),), olpesieieHHasl Ha Ipo-

CTPAHCTBE 3JIEMEHTApHBIX cOOBITUH. CiydaliHble BETUYMHBI, UMEIOIINE CYETHbIE MHOXKECTBA BO3ZMOXK-
HBIX 3HAYEHUH, Ha3bIBAKOTCS JUCKPETHBIMU. JIUCKpeTHAs CilydaiiHas BeJIMYUHA ONpEAeIIeHa, €CIIN
U3BECTHBI BCE €€ 3HAYEHMSI U COOTBETCTBYIOIINE UM BEPOATHOCTU. COOTHOIIEHNE MEXTy BO3MOXHBIMU
3HAYECHUSIMH CIIy4aliHOM BEJIMYMHBI U COOTBETCTBYIOIUMH UM BEPOATHOCTSMH HA3BIBAOT PaCIpenese-
HUEM BEPOSATHOCTEH CIIy4alHON BEJIMYUHBL. J[JI1 TUCKPETHOU CIIy4aliHOW BEJIMYMUHBI 3TO COOTBETCTBUE

n
MO>KET OBITB 3aIIMCAHO B BUJE TAOINIIbL: Z p, =1

i=1

Xi X1 X2 ces Xn
Pi P1 p2 e Pn

MatemaTuyecKuM OXHJaHHEM (CPeIHUM 3HAYEHHEM) IUCKPETHOW CIydyalHOW BEIMUYMHBI X
HA3bIBAIOT CYMMY ITPOU3BEJECHUN BCEX €€ BO3MOXKHBIX 3HAYCHUN Ha COOTBETCTBYIOIIME UM BEPOSITHO-

crn M(X)=> xp,

i=1
Jucnepcuelt AUCKPETHOM CIy4ailHOM BEIWYMHBI X Ha3bIBAIOT MATEMaTHYECKOE OXKUIAHUE
KBaapara OTKJIOHCHUA cnyqaﬁHoﬁ BCIIMYNHBI oT (M MaTeMaTn4dcCKoOro OXHNaaHus

D(X) = M (X—M (X))’ . Jlucrepcus AUCKPETHON CIydaitHOH BEIMYHHEI BEIYHCIIACTCS 110 QOPMYIIaM:
D(X) = i(xi - m)zpi
D(X) = M (X*) = (M (X))’
CpenHuM KBaJpaTUYHBIM OTKJIOHEHHWEM JTUCKPETHOW CITy4yalHOU BEMYMHBI HA3BIBAIOT KOPECHB
KBaJIpaTHBIN u3 aucriepcun o (X) = m .

Ecnu ciiyqaitnas BenmurHa X nMeeT OMHOMUAIBLHOE pacIpeIeICHHE BEPOSITHOCTEH, TO
MX)=np D(X)=npq

Ilpumep I: CnyvaiiHasg BenuunHa X 3ajaHa TaOIHLIEN paclpeeeHUs] BEPOSTHOCTEH.
Haiitu M(X), D(X), 6(X).

Xi 2 5 8 9
pi 0,1 0,4 0,3 0,2
Pewenue:

M(X)=2-0,1+5-0,4+8-0,3+9-0,2=0,2+2+2,4+1,8 = 6,4
M(X?)=4-0,1+25-0,4+64-0,3+81.0,2 =458
D(X)=45,8-6,4" = 4,84

(X)) =D(X) =+/4,84 =22
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IIpumep 2: HaiiTn MareMaTHYeCKOe OKUJaHUE W JUCIIEPCUI0 YHCIA JIOTEPEHHBIX OMIIETOB, Ha
KOTOpbIE BBIMAAYT BBIMTPHINIM, eciau mpuodpereHo 100 OuIeTOB, a BEPOSTHOCTh BBIMIPHINIA HA
K1k Ouset pasHa 0,05.

Pewenue:

M (X)=100-0,05=5

D(X)=100-0,05-0,95 = 4,75
o(X)=D(X) = /4,75 = 2,18

Ilopsinok npoBeneHust padboThbl:

Hcnonp3ys TeopeTndeckne CBEICHUS, BBHITIOIHUTE MPEITI0KEHHOE MTPETI0IaBaTeNIeM 3a/1aHue, COOTBET-
CTBYIOIIUM 00pa3oM o(hopMuUTh paboTy.

Ilepeuyens 3axanuii:

3ananme 1.

1. B xopobke 4 KpacHBIX, 5 3eJeHBIX, 8 KenThiX, 7 Oenbix U 1 uepHbldd map. Haiitu
BEPOSATHOCTb BBITAIIUTh: KPACHBIN 1I1ap; CUHUH 11ap; OeNblid m1ap; LIBETHOM 1Iap; UK 3€JeHbIN Win Oe-
JBIH 1ap; He KpacHbIH 1Iap; ap OJHOTO U3 LBETOB cBeTO(dopa.

2. B cembe — nBoe nereii. KakoBa BepOsSITHOCTH, YTO CTApUIMii PEOCHOK — JIE€BOYKA, €CIIH
U3BECTHO, YTO B CEMbE €CTh JETH 000ero mnosa?

3. Macrep, umes 10 neraneit, u3 KOTOpIX 4 — HECTAHIAPTHBIX, TPOBEPSET JIETATU OJHY 3a JIPY -
r'Oi, TIOKa eMy He Ionajaercs cTanaapTHas. KakoBa BEpOSITHOCTb, UTO OH IIPOBEPUT POBHO JIBE AETAIN?

4. B ogHoM siuke 3 Oenbix ¥ 7 YepHBIX HIapOB, B APYTOM SIIIKUKE — 6 OelbIX U 8 YEpHBIX I11apa.
Haiitu BeposTHOCTH TOTO, YTO XOTS OBl U3 OAHOTO SIIKMKA OyJIeT BBIHYT O€Nblil 1map, eciau U3 Kaxaoro
ALIMKA BBIHYTO 10 OJHOMY ILIapy.

5. M31aTenbeTBO OTIIPABUIIO Ta3€Thl B TPU IIOYTOBBIX OTIEIECHUS. BEpOSITHOCTH CBOEBPEMEHHOM
JIOCTaBKHU Ta3eT B nepBoe oTaeneHue pasHa 0,9, Bo Bropoe - 0,7, B TpeTbe - 0,85. HailTu BEpOSITHOCTH
CJICAYIOUINX COOBITHIA:

a) TOJIBKO OJTHO OT/EJICHUE MMOIYYHUT ra3eThl BOBPEMS;

0) X0Ts OBl OJTHO OTAEICHUE OJTYUYHT I'a3€Thl C OMO3/AaHUEM.

6. B nepBoii ypue HaxozsTcs 12 6enbix U 4 4epHBIX IIapoB, a BO BTOpol 5 6enbix u 10 yepHbIX
mapoB. M3 kaxxaoi ypHbI BbIHYJIM 1O Imapy. KakoBa BepOsSITHOCTH TOro, yTo 00a IIapa OKaXKyTCs
yepHbIiMH? KakoBa BEposSTHOCTB, UTO 00a 11apa OKaxyTcst OenpMu?

7. B maptuun u3 25 neraneil HaxonsTcs § OpakoBaHHBIX. BeIHUMAIOT M3 MapTHM Haynady JBeE
netanu. OnpenenuTs, KAKOBa BEPOSATHOCTb TOT0, YTO 00€ AETaIN OKAXKYTCsl OpaKOBaHHBIMHU.

8. IlonOpomeHs! nBe uUrpanbHble KocTH. HailTu BepoATHOCTh COOBITHS A TOrO, YTO BBINAJET
XO0TsI OBbI OJTHA TIIECTEPKa.

9. Haiitu BeposITHOCTb, UTO IIPU OPOCAHUH UTPAIBHOM KOCTH BBINAJIET YHUCIIO, Oobliee 4.

10. Haiitu BepOsITHOCTb, UTO NMPU OPOCAHUU UTPATBHON KOCTH BBINAJET YUCIIO, HE MEHbIIEE 2 U
He OoJbluee 5.

3ananme 2. Vicnonb3ys ¢popMyJibl MOIHOM BeposTHOCTH U baiieca, pemuTh ciieayromnme 3a1ayuu:

1. Mmetorcst 2 onuHakoBble ypHBL. B mepBoil ypHe Haxoaarcst 7 GenbIx U 3 YepHBIX LIapOB, BO
BTOpoil — 6 OGenbix u 4 yepHbiX. Hayran BeiOuMparoTcsi ypHa W W3 Hee H3BJIEKAeTCs OJMH Miap.
Br1Opannblif 1map okasasncst yepHbIM. KakoBa BepOsSTHOCTB, YTO 3TOT IIap U3 2 ypHBI?

2. Jleranu, U3roTOBJIIEMbIE LIEXOM 3aBOJla, MOMAAIOT JIUIsl MPOBEPKU MX HAa CTaHJAPTHOCTH K
OJIHOMY U3 JIByX KOHTpPOJIEpPOB. BEposTHOCTH TOTO, YTO A€TaIb MOMAJET K IEPBOMY KOHTPOJIEPY, paBHA
0,5, ko Bropomy =0,6. BeposiTHOCTH TOTO, UTO rO/iHAsA JeTaib OyAeT MpU3HaHa CTaHAAPTHOW MEPBBIM
koHTposepoM =0,94, a BropsiM =0,92. ['ogHas aerans npu npoBepke Oblla MPHU3HAHA CTaHJAPTHOM.
Haiit BEposATHOCTB TOTO, YTO 3Ty J€TAb IPOBEPUII IEPBBIM KOHTPOJIEP.
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3. Umeetcs nBa Habopa aetaneid. BeposTHOCTH TOro, 4To J1eTaib NepBoro Habopa CTaHapTHas
paBna 0,9, a BToporo — 0,8. HaliTu BeposITHOCTb TOTO, UTO B3siTasi HAyAauy JE€Talb — CTAHIapTHAI.

4. Nmerotcs 3 oauHaKoBble YpHBL. B mepBoil ypHe HaxoasTcs 6 CMHUX U 4 Y4epHBIX LIapoB, BO
BTOPOH — TOJILKO CHHHE U B TPEThEH — TOJIBKO YepHbie. Hayran BRIOMpaIOTCs ypHa M U3 Hee H3BJICKACT-
cst oquH map. KakoBa BEpOSTHOCTB, UTO 3TOT LIap CUHUM?

5. Nmetotcs 2 onnHakoBele ypHBL. B mepBoil ypHe HaxomsaTcst 7 OenbIx U 3 YepHBIX IIapOB, BO
BTOpoi — 6 Oenbix u 4 uyepHbIX. Hayran BbIOuparoTcs ypHa M M3 HEe HW3BIEKaeTcs OJAMH IIap.
Br1OpanHsIif map okasasncst yepHsIM. KakoBa BepOsSITHOCTB, YTO 3TOT Iap u3 1 ypHbI?

3apanue 3. Vcnonb3ys ¢popmyny bepHyIum, pemnTh ClIeAyIOHe 3a1a4qu:

1. BeposiTHOCTH TOr0, YTO Pacxo] IEKTPOIHEPTUU HaA MPOJOJIKEHUHM OJHUX CYTOK HE IPEBBICUT
ycTaHOBJIEHHON HOpMBI paBHa 0,75. Hailtu BeposTHOCTH TOro, 4ro B Oimkaiimme 6 CyTOK pacxon
ANEKTPOIHEPIUU B TeUEHUE 4 CYyTOK HE IIPEBBICUT HOPMBI.

2. HaiiTi BepOsATHOCTb OCYILECTBIIEHHUS OT OJJHOTO JI0 TPeX Pa3roBOPOB IO TesieoHy MpH HaOI0-
JICHUH LLIECTH HE3aBUCUMBIX BBI30BOB, €CJIM BEPOSTHOCTH TOT0, YTO PA3rOBOP COCTOUTCS, paBHa 0,6.

3. Ilpubop cocTOUT U3 MATH HJIEMEHTOB, BKIIFOUEHHBIX B 1I€TIb apaljIeIbHO U paboTarOIUX He-
3aBUCHMO JAPYT OT Apyra. BeposatHocTh 0€30TKa3HOM paboThI KaX10T0 37eMeHTa 3a BpeMs T paBHa 0,5.
Jlns GezaBapuiiHOM pabOThl MpUOOPa AOCTATOUHO, YTOOBI XOTS OBl OAMH JE€MEHT Obl1 ucnpaseH. Ka-
KOBa BEPOSTHOCTH TOTO, UTO 3a Bpems T mpubop Oyaet paboratbh 6€30TKa3zHO?

4. BepoaTHOCTb BBIUTPHIIIA 110 OJHOMY JoTepeiiHoMy Omnery =0,3. KakoBa BeposITHOCTh TOTO, 4TO
U3 CEMU NPUOOPETEHHBIX OMIIETOB TPU OUJIETA OKAXKYTCS BHIUTPHIIIHBIMU?

5. Marazun noayuun 40 geraneil. BeposTHOCTh HanuuMs HECTAHAAPTHOM JAETaId B MApTUU PaBHA
0,04. Haiiti HanboJsiee BEpOSTHOE YHCIIO HECTAaHAAPTHBIX JIeTalel B 3TOW MapTUH.

6. BeposITHOCTh M3rOTOBJIEHHS Ha aBTOMaTUYECKOM CTaHKE cTaHAapTHOW netanu pasHa 0,8. Haiins
BEPOATHOCTH BO3MOXKHOI'O 4HCJa IMOSBJICHUSI OpaKOBAaHHBIX JAeTajeil cpenu 5 OTOOpaHHBIX, HAWTU
HaMBEpOATHEHIIee YUCIIO MOSIBIICHUS] OPaKOBaHHBIX JieTajel u3 5 0TOOpaHHBIX, YKa3aB €ro BE-
POSITHOCTb.

7. CKOIBKO pa3 He0OXOAMMO MOAOPOCUTH UTPANIbHYIO KOCTh, YTOOBI HAUBEPOSATHEMHIIIEE BhINAICHUE
Tpoliku 6b110 paBHo 107

8. Il JaHHOTO YYaCTHUKA UTPhl BEPOSATHOCTh HAOPOCUTH KOJIBIO Ha Kousblmek paBHa 0,3. Kakosa
BEPOATHOCTH TOT'0, YTO MPH LIECTH OPOCKax 3 KOJblLla OKAXYTCS Ha KOJIbIILIKE?

9. Ha camornere umerorcss 4 OJJMHAKOBBIX JBUTaTessl. BeposTHOCTH HOpMaIbHOW PabOTHI KaX/10T0
JIBUTATENs B MojieTe paBHa p. HaliTh BEpOATHOCTH TOTO, UTO B IIOJIETE MOT'YT BOBHUKHYTh HEMOJAIKU B
OJIHOM JIBUTATEIIE.

10. BeposiTHOCTh OTKa3a Kaxkaoro rnpubdopa npu ucnbiTanuu paBHa 0,4. UTo BeposTHEE OKUAATH:
OTKa3 JIByX IpUOOPOB IPHU UCIBITAHUYU YETHIPEX WU OTKA3 TPeX NMPHUOOPOB MPH UCIIBITAHUM LIECTH, €C-
JI1 IpUOOPHI UCTIBITHIBAIOTCS HE3ABUCUMO JPYT OT Jipyra?

11. BeposTHOCTD TOrO, 4TO Ha HEKOTOPOM HPEANPHUATHH PACXOJ IJIEKTPOIHEPIMH HE IPEBBICUT
cyTouHoil HopMbI paBHa 0,8. KakoBa BEpOATHOCTH TOTO, YTO B T€UCHHUE MATH PabOYUX THEU U3 CEMHU
nepepacxo/a IEKTPOIHEPTruu He OyaeT?

33IlaHI/Ie 4. Haiit 4ucI0BEIC XapPaKTCPUCTHUKU JUCKPCTHBIX CJ'Iy‘-IS.fIHBIX BCJIIMYHH:

1. HaiiTu MaTeMaTHueckoe OXXHIAHNEC CJ'Iy‘IElfIHOfI BCJIIMYHHBI X, 3Hasd 3aKOH €€ PACTIPCACICHUA:
Xi 3 5 2

pi 0,1 0,6 0,3

2. BepostHOCTh momagaHusi B 1enb npu cTpenbdbe u3 opyaus 0,6. Haiitu maremarndeckoe
O’KHMJIaHHWE OOIIETo Yrciia oM annii, eciu OyaeT mpousBeaeHo 10 BeICTpEsoB.

3. Haiitu nucniepcuio citydaiiHOM BeMYMHBI X, KOTOpas 3a/laHa CJIEAYIOIUM 3aKOHOM pac-
IIPEICICHHAS:
Xi 1 2 5
pi 0,3 0,5 0,2
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4. Haiitu pgucnepcuto cioydyallHOM BenMuuMHBI X, KOTOpas 3a/laHa CIEAYIOLUUM 3aKOHOM

pacnpe€acicHus:
Xi 2 3 5
pi 0,1 0,6 0,3

5. IlpousBoautcst 10 HE3aBUCUMBIX MCHBITAHUM, B KaXJIOM M3 KOTOPBIX BEPOATHOCTH MOSIBICHUS
coObITus paBHa 0,6. HaliTu aucnepcuto ciydyailHOM BEIMUMHBI X — YUCIIA TOABIECHUS COOBITHS B ATHX
UCTIBITAHUSX.

[Ipaktuueckast pabora No 12
Onepauuu Hajg MATPUIIAMM U ONIPeAeJIUTeTAMHI

Lean padoThl:

Hcrnonp3ysi TEOpETHUECKUH MaTepuall M 00pasibl pPEIICHUs 3a/ad, PEIINTh MPUMEPBl 10 TeMe
«JlencTBHs ¢ MaTpULIAMM.

Kpartkue TeopeTnyeckne cBeleHUs:

ManHI.[efI HAa3bIBACTCA IPAMOYTOJIbHAA Ta6J'II/II_Ia quceli, cocrodiad u3 m CTpOK U n CTOJ'I6I_IOB,
KOTOPYIO 3alIMCBIBAIOT B CIICAYIOIICM BU/JIC:

dip dpp o e dpy
A= dpy dyp ... dyy
A1 Ay - Ay

Jlnis o0o3HaUYeHHS MaTpPHULbl KCIOJIB3YIOT MPONUCHBIE JIATUHCKUE OYKBBI, JUIsi 0003HAYEHHS
JJIEMEHTOB MATPHUIIBI — CTPOYHBIC TATHHCKUE OYKBBI C YKa3aHUEM HOMEpa CTPOKH U CTOJOIA, Ha TIepe -
CEUYEHHUU KOTOPBIX CTOUT JAHHBIN AJIEMEHT. 3alluCh « MaTpulla B UMeeT pa3Mep mxn» O3HaydaeT, uTo

3 -1 0
peub UAET O MaTpHIle, COCTOSIICH U3 M CTPOK U n cronOunoB. Hanpumep, marpuna B —[2 3 5)

umeeT pasmep 2x3. Jlanee, b; - o003HaUEHUE JIEMEHTA, CTOSIIETO Ha MEPECeUEHUH i-i CTPOKH U j-TO
CTONOIAa TaHHOW MaTPHUIIBI (B IpuMepe b;=J).

[Tpu ccbuike Ha i-70 CTPOKY MaTpUIIbI A UCIIONB3YIOT 0003HAUEHUE A;, IPU CChUIKE Ha j-i CTOJI-
Oerr — o6o3HauyeHue 4.

Martpuiia, y KOTOPOH YHCIO CTPOK COBMAAAET C YMCIOM CTOJOLIOB, HA3BIBACTCS KBAOPAMHOLL.
DNeMeHTHl d;; , Az ,..., dn KBAaJIPaTHOU MaTpwibl 4 (pa3Mepa nxn) oOpa3yrT 2Id8HYI0 OUACOHAb.
KBanpatHas marpuiia, y KOTOPOH OTIMYHBIE OT HYJS 3JIEMEHTHI MOTYT CTOSITh TOJBKO Ha TJIaBHOU
JIMarOHAJN, HAa3bIBACTCS OuUaeOHANbHOU. JlnaroHanbHas MaTpuUIla, y KOTOPOW BCE DIIEMEHTHI (TJIaBHOU
nuaroHanu!) paBHbl 1, HasbIBaeTcs edunuuynou. HakoHen, KBaapaTHas MaTpHila, y KOTOPOM HUXKe
(BBIIIE) TJIABHOWM TUArOHAM HAXOJATCA TOJIBKO HYJIM, HA3bIBACTCS GepXHelU (HUMCHell) mpey2oibHOU
mampuyeu. Hanpumep, cpeiu KBaapaTHBIX MaTpHIl pazMmepa 3x3

-2 3 1 -2 00 1 0 O 2 0 0
A= 0 3 3 | B=/ 0 0 O],£=|{0 1 O, C=|1 0 0
0O 0 -2 0 0 1 0 0 1 3 -4 -2

MaTpulia A SBJISETCSl BEpXHEN TpeyrojbHOW, B — nuaroHaibHO#, C — HIKHEH TpeyrojpHOU, E —
€ IMHUYHOMU.
Matpuusl 4, B Ha3biBatoTCsi pasHuimu (A=B), ecmu OHM MMEIOT OJMHAKOBBIN pasMmep, U HUX
JJIEMEHTBI, CTOSIIIUE HA OAVMHAKOBBIX IMO3ULIUAX, COBIAAAOT.
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Apughmemuueckue oeticmeusi c mampuyamu.

UrtoObl ymuodcums mampuyy A Ha omauuHoe om Hyis eujecmeeHHoe yucio k, HEOOXOAMMO
KaXKIBIHA 2IEMEHT MAaTPUIbl YMHOXKUTH HA 3TO YUCIIO:

ayp dyp e dyy kay,  kay, ... ka,,
a a e a ka ka ... ka
21 22 2n 21 22 2n
kAd=k =
A A2 N kam] kam2 kamn

YrtoObl HAlTH cymmy mampuy A, B 0HOW pa3MepHOCTH, HEOOXOAMMO CIIOKUTH 3JIEMEHTHI C OJIMHA-
KOBBIMH MHJIEKCAaMU (CTOSIINE HA OJUHAKOBBIX MECTAX):

ayip dyp - 4ayy by by . by,
4+ B dyy dpy ... dyy, N by by . by, _
A Ay e Uy, bml me bm/r
ay +by  aptby . oay, by,
| an by ayp by oay, + Dy,
a1 +bml ) +bn]2 e Ay +bm/1

2 3 -3 2

Pewenue. Cnauana ymHOXaeM MaTpuily A4 Ha YHCIO «2», 3aTeM Marpuily B Ha 4uClIO «-1», H,
HaKOHEIl, HAXOJJUM CYMMY IOJIyY€HHBIX MaTpPHII:

e TR 0

4 -1 I 0
Ilpumep 1. Haiitu 24-B, eciim A4 =( }, B =( j

2 -3 1
" 4 T (3)4 2+( 1)4 —1
MeeM: s o 3 0 3 s
3 5 0

=2(-1-0-2-5)+3(4-0-2-3)—1(4-5—(-1)-3)=-20—-18 —23=-61.

IIpouseedenue AB MOXHO ONpENENNUTh TOJBKO JJisi MaTpull 4 pasmepa mxn U B pa3zmepa nxp,
npu 3ToM AB=C, marpuna C uMeeT pa3Mep mxp, U €€ JIEMEHT ¢; HAXOJUTCS KaK CKaJIipHOE MPOU3Be-
JICHUE i-1i CTPOKH MaTpHULbl 4 Ha j-i cTON0e MaTpULbl B: ¢;; = A,B' = anby; +anby; +...+a,b,; (i=1,2,
wom;  j=1,2,...,p). DakTUYeCKH HEOOXOTUMO KaXAyI0 CTPOKYy MaTpuilbl A (cTosimeld cleBa)
YMHOXUTH CKAJIIPHO Ha Ka)X/Ibli cTOI0el MaTpullbl B (cTosmIei cripaBa).

-1 1 1 —»

Ilpumep 2. Hatitn npoussenenue matpurg, A=| 0 4| u B —(3 4 J

2 1

Pewenue. Pazmep matpunsl A 3x2, matpuuiel B 2x2. IlosTomy npousBeieHue AB HalTH MOX-
HO, ipousBenieHne BA — HeT. [leiicTBys 10 chopMyTUpOBAaHHOMY BBILIE [TPABUITY, MOTy4aeM:

—1 1)L (CEDA3) (CEDE2) (-3 244 (2006
0 4 (3 74 )— (0:4)(133)  (0.4)(~2:4) |=| 0+12 0+16 |=|12 16
2 1) (2:D)(1:3)  (21)(=2:4) 7.3 —as+4a) s o

Martpuueii, mpancnonuposannoti x marpune A pasmepa mxn, HazblBaeTcsa Matpuna A’ pasmepa
nXm, CTPOKU KOTOPOH SIBJISIOTCS CTOIOIAMU UCXOTHON MATPHUIIBL.
-2 1

-2 0 1 .
Hanpumep, ecmn € = | 3 370 c'=0 -3
1 3
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11

3 4; A1 -2, (-2 4 6\
Ilpumep 3. Haiitu - 34 5 7 3] -

Pewenue. Bocrnosib30BaBIINCH BBIYUCJICHUAMU, IMPOBCACHHBIMU IPHU PCIICHHUU NPUMEpPA, a4 TAKIKC
IMpaBUJIaMM YMHOXCHHUA MAaTpHULIbl HA YUCJIO U CIIOKCHHA MaTpUll, IIOJIy4HUM:

-1 1 T 2 6 -2 5 -2 106
1 -2 -2 4 o

0 4 +2 =12 16|+2 4 7 |=|20 30
3 4 5 7 3

2 1 5 0 6 3 17 6

Martpuiisl A, B Ha3bIBaOTCS 9K6UBAIEHMHbIMU, €CTTU OJTHA TIOJTyYeHA U3 IPYTOH MyTeM dJIEMEH-
TapHBIX MIPEOOPA30BAHUIA.

Panzom matpunibl A B panbHeimeM OyJeM CYUTATh YUCJIO CTPOK DKBUBAJICHTHOW €W CTYIICH-
YaToOi MaTpUIIbI, UCTIONB3YysI 00o3HaueHue 7(A4). Tak, B paccMOTpeHHOM BbIe npumepe 3.4 r(4)=3,
#(B)=2. MOXHO J10Ka3aTh, 4TO paHr MaTtpulsl A (pasMepa mxn) HE MOXKET ObITh Goublne Min{m,n}
(manpumep, auus Marpunsl A pasmepa 2x3 7(A4) <2), KpoMe TOro, paHr MaTpHUIIbl HE 3aBUCHT HU OT BbI-
0opa BeayIIuX 3JIEMEHTOB, HA OT MPOBOAUMBIX MPEe0oOpa3oBaHuili. ITO CBOWCTBO MOYKHO MCIOJIH30BAThH
npu nposepke. Tak, B nmpumepe 3.4 nocie nepecTaHOBKU NEPBOIMl U BTOPOMl CTPOKHU B MaTpulle B MOXK-
HO B Ka4eCTBE BEIYIIETO CHAadajia PacCMOTPETh AIEMEHT b;,, a 3aTeM BBIYEPKHYTHh TPETHIO CTPOKY,
npornopuroHanbuyro Bropoit (C; =—C):

20 4 9 1 3 2 5
B=|1 3 2 5|—92% J»5 0 4 9|
1 9 2 6 1 9 2 6
1 3 2 5
cocssc, |, o 4 o lof1 329
2 0 4 9
~2 0 -4 -9

Buviuucnenue onpedenumeneu. Onpenenurens Matpuilbl 4 pasmepa 2x2 (onmpeaenurens 2-To
MOPSI/IKA) — ATO YUCIIO, KOTOPOE MOYKHO HAWUTH IO MPABHITY:

ap  dpp

dy;  dnp
(Mpou3BeicHUE BJIEMEHTOB, CTOSIIIMX Ha TJAaBHOW [HAaroHaJM MaTPHIbl, MUHYC IPOHU3BEICHUE
3JIEMEHTOB, CTOSAIINX Ha MOOOYHON JUATOHAJIH ).

Onpenenurens MaTpulbl 4 pasmepa 3x3 (onpenenauTens 3-ro NopsaKa) — YMC0, BBIUUCISIEMOE
0 IPABUILY «PACKpblmue onpeoeaumens no nepeoti CmpoKey:

dap dyn a3
5] ar3 sy [5R} (25 5]
detd=A|=|ar; a» ary|=a - -
d3  d33 a3 ds33 d3;  ds
s [45%) i3 : o ) o . :
2 -3 -1
Ilpumep 4. Haittu: |4 —1 2
3 5 0]
Pewenue.  Ilpm  HaXOXJIEHUU  ONpEAENUTENIE  BOCIHOJB3yeMCs  cHadajna  (GopMyJioil
ap din ars
tro [25%] (2531 [25%] (253} tro
detd=|A|=|ar; a2 dar3|=ay —dps + - , @ 3aTeM (71 BEIYUCIICHUS
d32 433 a3 933 d31 932

s t3s a3
ompeeuTeNnel 2-ro mopsaka) popmynoun

ap  dp

detA:‘A‘: =dydyy —apdsy.,

dy) dp
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IHopsok npoBeaenust padboThI:

I/ICHOHLByH TCOPCTUUCCKHUEC CBCACHUS, BBINIOJIHUTH NPCJIOKCHHOC MPLCIIOAaBaTCIICEM 3aJaHNEC, COOTBCT-

CTBYIOIIUM 00pa3oM ohopMuUTh paboTy.

Ilepeyennb 3ananmii:

3ananue 1. BoinonHuTh apudmMernueckue 1eHCTBUS C MaTpULIAMHU:

12,0 ) 1 -2\ (5 -1}
D23 5 )7 s o) 2)[3 —4j +2(0 3}’

T

(-5 -l 2 0 8 2 10 3
33—45384 Hl3 8 5|+200 4 =2
)8 10 4 ’ ) * -

_1 0 -4 7 5 2 -9
1 2) (1 4)(-=2 4
5) + ' ;
3 14) 5 10) =1 3

2 -1 =3 2 3\

1 0 -1 0 )
6)(=3 1 0 1 -3 :

It )—13110 3

2 4 8 -1 |

7'_56
INER I > L7 2
s 6 -2 1 -1

1 -1

3aganue 2. Jlokazath paBeHCTBO (AB)C=A(BC) nns matpuit:

A74 -2 8_6 —1 oo 14
D) (1 —3}’ (3 2]’ [—2 sj’

-3 2 1 2 10 13 1
2) A=/ 0 1 2| B=-3 1 4| C=[2 1 4|

31 4 302 1 -1 1 -1

-3 2 1 12

-2 4 -1
3)A4=| 0 1 2| B=|4 -1| C=
2 > 1 2 O 3
31 4 301

1 3Y 1 -1y
3apanme 3. Haiitu: 1) [0 j ; 2)( j ; 3)(1 0 1

2 0o 2
1 -1 0
3ananme 4. Boruucnauts onpeaenuTenu:
| sina  —cos«a 5 -1 i ; 1 2
)cosa sine |’ ) i =1 )0 -1
1 0 5
A 2 3 5 3 =2 alo 4 7
) 5 6| )4 -10)’ )
-3 1 5
3 0 1
70 =2 3
1 1 -1

2

64



IIpakTnuyeckas padora Ne 13
Pemenue 3a1a4 Ha HAXOKIEeHUE ONpedeIUTes,
MHHOPA, 00PATHOM MATPUILIbI

Iean padoThl:

Hcnone3ys TeopeTHueckuil MaTeprai U 00paslibl pelieHus 3a/1a4, pelIuTh pUMepsl 1o Teme  « Jlel-
CTBHUS C MATPULIAMMI.

KpaTKI/Ie TCOPETUIECCKHUEC CBECICHUSA .

Oopamnasa mampuya
OmnpenenymM omepanuro JeJICHHsI MATPHUI] KaK OMEpaInio, 0OpaTHyI0 YMHOXKCHHIO.

Omnpenesienue. Ecnu cymecTByroT KBagpaTHble MaTpullbl X U A, yAOBIETBOPSIOIINE YCIOBHIO:
XA =AX=E,
rae E - equHuyHas MaTpuia Toro e caMoro nopsiaka, To Mmarpuna X Ha3blBaeTcsi 00paTHOM K
matpuiie A u o6o3Hayaercs A

Kaxxnas kBagpaTHas MaTpula C ONpeeIUTEIeM, HE PABHBIM HYJIIO UMEET 0OpaTHYIO MATPUILY
Y TIPUTOM TOJIBKO OJIHY.

Paccmotpum o0mimii moaxo1 K HaX0XACHUI0 00paTHOW MaTPULIBL.
Hcxons u3 onpeneneHus Npou3BeIEHUS MaTPUL], MO>KHO 3aIIUCaTh:

n
AX=E = X aj x5 =¢;,i=(1,n), j=(1,n),
k=1

eiJ:O, i¢j,

Cij= 1, 1=].
Taxkum 06pa30M, IIoJIy4aeM CUCTEMY ypaBHeHHﬁI

b

PemuB a1y cucteMy, HaX0IUM 3JIEMEHTHI MaTPULIBI X.

1 2
[pumep. Jlana matpuia A = { J , Haiit A™.

3 4
[all a12j_[xll Xlz):(l Oj
ar; ap) \xpp xpp/) \0 1

) 1 )
-
Takum ob6pazom, A [3/2 -1/2/)"

Opnako, Takoil croco0 He yA00eH Npu HaX0XKJIEHUH 00paTHBIX MaTPULl OOJIBIINUX MOPSIIKOB, TO3TOMY
0OBIYHO MPUMEHSIOT CIEAYIOUTYI0 (POpMYIIy:

~ (1" My,

i det 4

rae M- IONONHUTEIbHBIA MUHOD AJIEMEHTA dj; MATPHULIBI A.
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1 2 . 1
, Haiitm A~

[Ipumep. Jlana matpuna A = ( 3 4

det A=4-6=-2.

M, =4; M= 3; M, = 2; My=1
X11— -2, X12— 1, X21— 3/2, Xo— -1/2

-2 1
-
Takum o6pazom, A (3/2 1/2] .
CBoiicTBa 00paTHBIX MaTPUIIL.
VYkaxeM clieyrolue cBoicTBa 00paTHBIX MATPULL:

D (AN =A;
2) (AB)' = B'A""

3) (AT = (A"
302 L
L oal HanT A°.

, (3 2)(3 2) (11 14) L (3 2)(11 14 (47 78
A_AA_1414_718’ A_14718_3986'

3 2 11 14
OTmeTHM, 4YTO MaTpULIbI ( } " ( } SIBJISIFOTCSI IEPECTAHOBOYHBIMM.

[Ipumep. [lana matpuna A = (

1 4 7 18
—1 O 3 4
2 -1 1 2
Hpumep.  Beraucnuts onpenenuTens | 5 2 1l
2 1 4 3
—1 O 3 4
-1 1 2 2 -1 2 2 -1 1
2 -1 1 2
=-1{3 2 1/+3-j0 3 1/l—-4-0 3 2
(0] 3 2 1
1 4 3 2 1 3 2 1 4
2 1 4 3
-1 1 2
32 11=-1(6-4)-109-1)+2(12-2)=-2-8+20=10.
1 4 3
2 -1 2/ 0o -2 -1
o 3 1 =0 3 11=2(0-2)-1(0-6)=2.
2 1 3 2 1 3
2 -1 1/ o -2 -3
o 3 2=0 3 2| =2(-4)-3(-6)=-8+ 18 =10.
2 1 4 2 1 4

3nauenue onpeaenurens: -10 + 6 — 40 = -44.

Ilopsinok npoBeneHust padboThbI:

Hcnone3ys TeopeTHYecKre CBECHNUS, BBITOIHUTH NPEUIOKECHHOE TPETIOIaBaTeIeM 3a/1aHIe, COOTBET-
CTBYIOLIMM 00pa3oM ohopMuTh paboTy.
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Ilepevyennb 3aganmii:

BapuanTt 1

1 -2 0

i 5 -7
1.Haiitu maTpuily oOpaTHyto 1aHHOM A=\-4 1 2
2. PemiuTh MaTpU4YHOE ypaBHEHUE:

(—13 _42 )xX = (_32 —31)

Bapuanr 2

3 -3

0 1 4

1.Haiitu maTpuity oOpaTHyIO TaHHOU A= -2 1
2. PeminTh MaTpU4YHOE ypaBHEHUE:

G &)= )

[Ipaktuueckas padora Ne 14
Pemrenue cucreM JTMHEHHBIX YPABHEHUH MATPUYHBIM METOAOM

[eab paboThi:

Hcnonb3yss TeopeTHdYecKMi MaTepuan M o0paslbl pelleHus 3a7ad, PelIMTh IMpUMEpbl MO TeMe
«Pemienne cucreM JTMHEWHBIX alreOpandecKux ypaBHEHUN Pa3IMYHBIMU CIIOCOOAMM.

Kpamkue meopemuueckKue ceeoeHus
1.IlycTh nana cucrema JIMHEWHBIX YPAaBHEHHI

a, X, +a; X, +...4a,,x,, =b,

In

a, X, +a,X,+...+4+a,,x, =b,

a, X, +a ,x,+..+a_ x,=b

nl

KoaddumuenTsr ai1,12,..., diny -.. » @i, b2, ... , by CUNTAIOTCS 3aJJAHHBIMHU.
BEKTOp - CTPOKA 1X1 , X2 , ..., Xn [ - HA3BIBACTCS PEIICHHEM CHCTeMbI (1), €CIM PH MOICTAHOBKE YTHX
YHUCes BMECTO MEPEMEHHBIX BCE YpaBHEHHS CUCTEMBI (1) 0OpaiaroTcsi B BEpHOE PaBEHCTBO.
Onpenenurens n-ro nNopsaka A=l Al=la i |, cocraBieHHBIiT 13 K03 (UIIMEHTOB NMPU HEU3BECTHBIX,
Ha3bIBaeTCs omnpenenutenem cucremsl (1). B 3aBucumocTr oT omnpenenutens cucteMsl (1) pasnugaror
CIIETyIOIINE CITyYau:
a) Eciiu A#0, To cucrema (1) uMeeT eIMHCTBEHHOE pEllIeHUE, KOTOPOE MOXKET OBITh HAalEHO 1O
A, A, A,
¢popmynam Kpamepa : xi=—.,x, =—,.....,X, = —, 1€
A A A
oTnpeAeNnuTeNb n-ro nopsaaka A; (i=1,2,...,n) moxy4yaercs U3 ONpeaeNuTeNsi CHCTEMbI ITyTeM 3aMEHBbI 1-TO
CTOJI0Ia CBOOOHBIMH WiIeHaMH by, b, ,..., by.
0) Eciu A=0 , To cucrema (1) mubo nmeeT 6€CKOHEYHOE MHOKECTBO PELICHHH , THOO HECOBMECT -
Ha, TO €CTh, PEUICHUI HET.
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2. PexoMeH1auy 1Mo BBITIOJIHEHHUIO 3aJaHUI

1. PaccMoTpum cuctemy 3-X JIMHEHHBIX ypaBHEHUH C TpeMsl HEM3BECTHBIMH.

a,X; +a;,X, +a;X; =b,
a5 X, +ayX, +85X;=b, (2).
ayX; +apX; +a;X; =by
ap

1. B ngaHHO# cucTeMe COCTaBUM OINPEICIUTENIb A = |a,,

a;j

2. CocTaBUTh U BBIYUCIIUTD CIEAYIOIINE ONPEACTUTENN:
b

Ay =1b, a, apl,A,=la, b, ayA;=la, ay

1 A a;, b, aj; a;p ap

b, a; as; a;; by asy az; as

3. Bocnonb3oBatbcs popmynamu Kpamepa.

apy
axn

as

a;
a,3| Y BBIYUCIIHUM.

as;

[IpakTnueckoe 3HaueHue npaswia Kpamepa uist peleHus CUCTEMBI 71 IMHEWHBIX YPABHEHHUI C 1
HEU3BECTHBIMM HEBEIIMKO, TAK KaK IIPU €r0 IPUMEHEHUN IPUXOIUTCS BBIUUCIIATH 1 + 1] ONpenenuTenei
n-ro nopsaka: A, Ay, Ao, ...,Ax,. bonee ynoOHbIM sBIIsSieTCS Tak Ha3bIBaeMblit memood [ aycca. OH npu-
MEHMM U B Ooiiee 0OIIeM Ciydae CUCTEMbI JIMHEHHBIX ypaBHEHHMH, T. €. KOI1a YUCIIO YPaBHEHUH He

CoBIIaaacT C YMCJIOM HCHU3BCCTHBIX.

IIpuMepsI pelieHus CUCTEM JIMHEHBIX YpaBHeHuii MeToaoM Kpamepa

Ipumep 1
{3){ +2y=7

x—y=4

3 2
A =
1 -1

IIpoBepka:
3.-3+2-(-1)=7 o 31
3 (-1)=4 tBeT: (3 ;-1).
Ilpumep 2
X+2y—3z=0
2x—y+4z=5
3x+y—z=2
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A=2 -1 4|=10=0
3 1 —1
0 2 —3 1 O -3 1 2 0
A, =5 —1 4:5,AY:2 5 4| =20,A, =2 -1 35/ =15
2 1 -1 3 2 -1 31 2
A, 1 Ay 20 A, 15 3
Xzi‘:———ay—i—izz’z—i:—:—
A 10 2 A 10 A 10 2
ITposepka:
| 3
~42.2-3.2=0
2 2
| 3
2-5—2+4E=5 Otser: x=0,5; y=2;z=1,5.
| 3
3 —42-—=2
2 2

Bonee ynoOHBIM siBiisieTCsl Tak Ha3bIBaeMblil memood I'aycca. OH puMeHuM u B Oosiee o0mieM ciydae
CHCTEMBI JIMHEHHBIX YPAaBHEHHIA, T. €. KOTJIa YUCIIO YPAaBHEHHI HE COBIAJIAET C YUCIIOM HEU3BECTHBIX.
Hrak, mycTs nana cucrema, couepkallas m JIMHEHHbIX YRAaBHEHUN C 77 HEU3BECTHBIMM:
apx; +apx:+ ..+ ax, = by,
axx;+ axx;+ .+ axx, = by,

AmiX] + Am2X2 + ...t AmnXn = bm

J

MCTOI[ Faycca IJIs1 pEHICHUA CUCTEMBI 3aKIII0YACTCA B IOCIICA0BATCIIbHOM HUCKIIFOUYCHHUU IIEPEMEHHBIX.

Cxema eJMHCTBEHHOTO JesieHusl. PaccMoTpuM npocTeiinii BapuanT MeTojaa ['aycca, Ha3biBa-
EMBIH cXemMoll eOUHCMBEHHO20 OeIeHUSL.
[Ipsimoii X0 cOCTOUT U3 1 — | MIaroB UCKIOYEHUS.
1-# war. [{enbro 3TOro mara siBiasieTcs UCKII0YEHUE HEM3BECTHOTO X| U3 YPABHEHHM C HOMEpaMHu i = 2,
3, ..., n. [Ipeanonoxum, uyto kodddunueHt a;; # 0. Bynem Ha3bIBaTh €r0 2n1agubim 21emenmom 1-2o
waea.
Haiinem Bemmuunel gn = an/an (i =2, 3, ..., n),
Ha3bIBaEMbIC MHOMCumenamu 1-2o0 waea. BeiateM mocienoBaTelbHO U3 BTOPOTO, TPETHETO, ..., H-TO
YpaBHEHUH CHCTEMBI MEPBOEC ypaBHEHUE, YMHOXEHHOE COOTBETCTBEHHO HA 21, 31, ..., ni. ITO TMO3-
BOJIUT OOpaTHTh B HYJIb KOIPQPUIIMEHTH TIPH X; BO BCEX YPABHCHHSX, KpOME IMepBOro. B pesynbrare
MOJTYYHUM SKBUBAJICHTHYIO CUCTEMY

anxi + anx: + aisxs + ...+ anx,= by,

azz(l)XQ + 6123(1))63 + ...+ az,,(l)xn: bz(l) ,

6132(1))62 + 6133(1))63 +...+ 613,1(1))6”: b3(l) ,

a2 + anxs + L F @, = b)Y .
B KoTopoit a;'" u bV BeraucsAIOTCA 10 popMyIam

aiV = a; - gaay; , bi"=bi— qub.

2-i mar. Lleapo 3Toro mara sBjISeTcs MCKIIOYEHHE HEM3BECTHOTO X, U3 YPaBHEHUH C HOMe-
pamu i = 3,4, ..., n. I[lycts an’ # 0, tae a»'’ — xod>pdunuent, Ha3pIBAEMBIN 21a6HbIM (AITH 6€0VUIUM)
aniemMeHmoMm 2-20 uiaza. BeIUUCIUM MHOXUTENH 2-TO IIara
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gn=ax""/an" (i=3,4,...,n)

M BBIYTEM MOCJICOO0BATCIIBHO U3 TPECTHETr0, YETBEPTOI'O, ..., 7-0I'0 YPaBHCHHA CUCTEMBI BTOPOC YpaBHC-
HHUE, yMHOKEHHOE COOTBETCTBEHHO HA 32, §42, - ., §m2. B PE3YIIBTATE MOMYYUM CHCTEMY
anxitapnt  asat o+ awxa= b,
an'vt anxt .+ aV= bV,

ax®x+ o+ ayPx, = b,

an3(2)x3 + .o + ann(Z)xn: bn(Z) .
3nech kKoahduimenTs! a;> u by® BeruMCasOTCSA 0 hopMysaMm
a2 = a" — goar" , B2 = b — quby.

AHaJIOTMYHO NMPOBOJATCS OCTallbHbIE aru. Onuiem ouepeaHoi k-it mar. B nmpennonoxenuu,
urto enasnwitl (6edywuii) snemenm k-oro mara ay*" oTamuen or Hyis, BHMHUCIHM MHOXMCumenu k-2o

waza
gin=ai*V/ayY (i=k+1,...,n)

¥ BBIYTEM IIOCIEN0BATENBHO 13 (k + 1)-To, ..., n-TO ypaBHEHHIT IIOTyYEHHOM Ha IIPEABLIYINEM [IAre CH-
CTEMEI k-€ ypaBHEHHE, YMHOKEHHOE COOTBETCTBEHHO HA i1 4y Ghi2hs - --» k-
ITocune (n - 1)-T0 mara HCKJIIOUEHHS MOTYIUM CUCTEMY yPAaBHEHUMH
auxi tapx+  anxst Lt @ = b,
an'vt anxt .+ aVx = bV
asvst .+ anPx, = b®

ann(nil)xn = bn(nil) .
marpuia 4" KoTopo# sABJIsETCS BEpXHEH TpeyroabHol. Ha 5TOM BBIMMCIIEHHS NPSIMOrO XO/a 3aKaH -
YUBAIOTCS.

AJITOPUTM JJISl pelIeHUs] CUCTeMbl JIMHEHHBIX YpaBHeHHi MeToaoM ["aycca
BeIpaskaeM nepBoe HEM3BECTHOE U3 NIEPBOI0 YPABHEHMSI U MTOJICTABIISIEM €0 B OCTAJIBHBIE YPABHEHHUS.
1. Tlomyuyaem HOBYIO CUCTEMY, B KOTOPOM YMCIIO YpaBHEHUN U HEM3BECTHBIX HAa | MEHbIIE.
2. C HOBOI cucTeMOH MOCTymaeM TakuM e 00pa3oM U Tak MPOJOJKaeM J0 TeX IMop, MoKa He
OCTaHETCsl OJJHO JTMHEWHOE YPaBHEHHUE, KOTOPOE JIETKO PEIIAETCSI.
3. Korga mony4yeHO 3Hau€HHE IMOCJIEIHEr0 HEU3BECTHOIO X, MOACTABISEM €ro B ypPaBHEHUE,
KOTOPOE MO3BOJISAET HAUTH Xy - 1 1O Xp.
4. Tlo HaWOEHHBIM X,-| U X, HaXOJIUM X, » M TaKUM 00Opa3oM HAXOJUM IOCJEJ0BaTEIbHO BCE
HEU3BECTHBIE.
JUig cucTteM HENMHENWHBIX YpPaBHEHUM 3TOT METOJ HE BCEraa NPUMEHHMM YK€ B CHIy TOrO, 4TO U3
YpaBHEHUH CHUCTEMBI COBCEM HE 0053aTelIbHO MOKHO OyAET BBIPa3UTh OJHY HEHU3BECTHYIO Yepes3
OCTaJIbHbIE.

IIpumepsI pelieHnsi cucTeM JHHEHHbIX ypaBHeHul MeToaoM ["aycca

Hpumep 1
Pemts MeTogoMm I'aycca cucteMy ypaBHEHHI

X7 — 2)62 + X3 + X4 =—1,‘
3x; + 2x;— 3x;—4x4 = 2;
2x1— X2+ 2x3—3x4=09;

X+ 3x:—3x;5— x4=-1.

Pemenue: CocraBum MaTpuily B u npeobpasyem ee. J{s yao0CTBa BEIUUCIECHUN OTIACIUM BEPTHKAIb-
HOM 4epTOH CTONIOEI], COCTOSIINI U3 CBOOPTHBIX YJICHOB:

1 2 1 1/|-1
B= 3 23 4|2
2 -1 2319
I 3 -3 -1 |-1
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YMHOKHM NEPBYIO CTPOKY MaTpUlbl B mocienoBaTenbHo Ha 3, 2 U 1 ¥ BBIYTEM COOTBETCTBEHHO W3
BTOPOM, TPETHEN U YETBEPTOU CTPOK. [losrydyuM MaTpuily, SKBUBAJIEHTHYIO UCXOIHOM:

1 2 1 1 [l
0 8 6 -7 |5
0 3 0 -5 (11
0 5 4-210

Tperblo cTpOKY MaTpHllbl YMHOXXHM Ha 3 M BBIYTEM €€ M3 BTOPOHM CTPOKH. 3aTE€M HOBYIO BTOPYIO
CTPOKY YMHOXKUM Ha 3 ¥ Ha 5 U BBIYTEM U3 TPeThel U ueTBepToi cTpok. [lomyunm matpuiry, S5KBUBa -
JIEHTHYO UCXOJIHOM:

1 2 1 1 (-1
0 -1 -6 8 |28
0 0 -1 0|3
0 0 0 19 [-19

W3 ko3 puureHToB nociaeHe MaTpUIbl COCTaBUM CUCTEMY, PABHOCHIIBHYIO HCXO/IHOM:

X1—2.XZ+ X3+ X4:—],'
- X5 —6x3+ 84 =-28;
—x; =_3;
19x, =-19.

Pemmum 1oiTy4eHHYIO CHCTEMY METOJOM TIOJCTAHOBKH, JBUTASCH TOCIECIOBATEIIEHO OT TOCIEIHETO
ypaBHEHUS K mepBomy. M3 ueTBepToro ypaBHeHust x; = —I, U3 TpeThero x; = 3. [logcraBuB 3HaUEHUS
X3 ¥ X4 BO BTOPOE ypaBHEHHE, HaiijeM x; = 2. [lofcTaBuB 3HAYCHHSI X2, X3, X4 B TIEPBOE ypaBHEHUE, HAM-
nemx; = 1.

Otser. (1; 2; 3;-1).

Ipumep 2
Pemts cucremy ypaBHEHUM
2x+3p+tz=2,
Axty+t2z=7,
xt2y+3z=3
Pemenue:
: 3 1
x=l-oy-2z
BrIpasum U3 nepBoro ypaBHEHUs IIEPEMEHHYIO X: U IIOJICTaBUM €€ BO BTOPOE U
TPEThE yPaBHCHHS:
3] [ 3001
TR r=l-gy-g= 3
31 ’ : +y+2z=7 ’ +1 =4 x_]'_Ey_EZ’
_2_}?—22 ¥ =! &= _2"}? 22— . = z—?yzg,
3 1 1 N 5 5 y+oz=4
—5_}3—52 +2v+3z=3 hz.}’ 23_ :
z=8+7y
BrIpazum Tenepp U3 BTOPOTO ypaBHEHUS IEPEMEHHYIO U TIOJICTABUM €€ B TPEThE yYpaBHE-
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HUEC CUCTCMBI:

. 3 1 1 3 1
EEITRY TR P TRYTRE
=

z=8+ Ty, z=8+ Ty,
y+oz=4 y+ 58+ =4

Teneps TpeTbe ypaBHEHUE 3aBUCUT TOJIBKO OT Y U MBI MOXKEM €0 PELINUTD:
y+HIE+ =4 ey+d40+35y=4 = Jy=-36 = y=-1
Urak, nepemenHas y HaiiieHa. [1o yxxe nmosydeHHbIM QopMysam s X U Z MBI MOXEM TOCIe10-
. z=8+ly=3-7=1
BaTEJIbHO UX HAWTHU:

=2

=1 S P S P
FElm T iotl T

2 2
Otser. (2; —1; 1).

OTOT METOJ MHOTJAa MOXKHO IPUMEHHUTD U JIJIsl pELICHHS] HETMHEMHBIX CUCTEM.
IIpumep 3
Pemnts cucreMy ypaBHEHUI
oxity —z=-1,
z+y—2x=1,
X+ zv—y=1
Pemenue:

Bripazum z u3 BTOporo ypaBHeHusi: Z = 1 + 2X — y U IOJICTABUM €TI0 B NIEPBOE U TPEThE YPABHEHUS.
[Tonyunm cuctemy u3 IByX ypaBHEHUH C IByMSI HEU3BECTHBIMU:

5%y — (14 2% —y) = -1, {xz—x+y=|:l,
—

x4+(1+2x—y1y—y=1. x4+2xy—y2=l.

y=x—x2.

OnsTh U3 NEPBOTr0 ypaBHEHUS BbIpaxkaeM y (€€ jierde BbIPa3suTh, YEM X): IToncraBnsieM y
BO BTOPOE€ YPAaBHEHUE U NOJIyIaEM:

x4+2x(x—x2)—(x—x2)2=l{=}x2=1<=}x1 , =%l
Tenepp Mo HaACHHOMY X HAXOJUM Y U Z:
- - 2. = -
x1—1=}-_y1—x1—x1 =0z)=1+2x -y =3

— _ 2
===y =x,-x

2=—2;22=1+2x2—y2=1.
Otser. (1; 0; 3), (-1;-2; 1).

IHopsaok npoBeaenust padboThI:

I/ICHOHL3y$I TCOPCTUUCCKHUEC CBCACHUS, BBINIOJIHUTL NPCIIOKCHHOC MPLCIIOAaBaTCIICEM 3aJaHNEC, COOTBCT-
CTBYIOIIUM 00pa3oM ohopMuUTh paboTy.

Ilepeyennb 3aganmii:
IIpumepsl no Teme «Pemenune cucreM JuHEeHbIX ypaBHeHUul MeTooM Kpamepay

BAPUAHT 1. Pemiuth cUCTEMBI:
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10x+y+4z=1 5x -3y +2z=19
a) x—2y—7z=—3,b)l4x+5y—3Z=31

2x+y+5z=0 3x+ 7y —4z =31

BAPHUAHT 2. Pemiuth cCTEMBI:

2Xx—y+2z=-3 dx+y—-2z=10
a)y x+2y—z=4 ,b)s—x+3y+5z=-1
3x+y—3z=3 3x—y+5z=1

BAPUAHT 3. Pemiuth cuCTEMBI:

4x —y—5z=1 3x+4y+2z=>5
a)y x+y—2z=6 ,b)y5x—6y—4z=-3
3X -2y —6z=-2 —4x+5y+3z=1

BAPUAHT 4. Pemiuth CHCTEMBI:

3X—-2y+z=-3 3x+2y+z=14
a)yySx+y—2z=11,b)y2x+y+4z=12
x+y+z=1 Xx+3y+2z=11

BAPUAHT 5. Peminth cucTeMbl:

2x—3y+z=-3 X+y+z=5
ay X+5y—z=—-1,bsx—y+z=1
3x+y+4z=11 X+z=2

BAPHUAHT 6. Peiuth cCTEMBI:

5x+y—2z=5 Xx—2y+3z=3
ayyl0x+y+z=0,b3x+y—6z=-7
X—y+z=-11 Ix—2y—z=3

BAPHUAHT 7. Peiuth cUCTEMBI:

X+y+z=5 5-2x=z—-3y
a)yyx—y+z=1,b)y l—-y=x—-2
X+z=3 2-3x=1-5z
BAPUAHT 8. Pelunth CHCTEMBI:
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Sx—Ty+2 8x+3z-4 llx-5z-4x+18
- = y+—=41
12 21 14
1lx=5z+12 3y+7z-2x 8z-3x+32 z 41
a) - = Db x+—=—
14 18 21 4 2
3x-y-2z=16 y+§=34

IIpumepsl no TeMe «Pemienue cucreM JIMHEHHBIX ypaBHeHUH MeToa0M ['ayccay

BAPHUAHT 1. Pemiuth cCTEMBI:

10x+y+4z=1 5x -3y +2z=19
a) x—2y—7z=—3,b)l4x+5y—3Z=31

2x+y+5z=0 3x+7y—4z=31

BAPUAHT 2. Pemiuth CHCTEMBI:

2Xx—y+2z=-3 dx+y—-2z=10
-1
3x+y—3z=3 3x—y+5z=1

ayy x+2y—z=4 ,b)y—x+3y+5z

BAPHUAHT 3. Peiuth cCTEMBI:

4x —y—5z=1 3x+4y+2z=>5
a} xX+y—2z=6 ,b){5x—06y—4z=-3
3X -2y —6z=-2 —4x+5y+3z=1

BAPUAHT 4. Pemiuth cUCTEMBbI:

3Xx—-2y+z=-3 3x+2y+z=14
a)yySx+y—2z=11,b)y2x+y+4z=12
x+y+z=1 Xx+3y+2z=11

BAPUAHT 5. Pemiuth cUCTEMBbI:

2x—3y+z=-3 X+y+z=5
ay X+5y—z=—-1,bsx—y+z=1
3x+y+4z=11 X+z=2

BAPUAHT 6. Peminrth cucremMnl:

5x+y—2z=5 Xx—2y+3z=3
ayyl0x+y+z=0,b3x+y—6z=-7
X—y+z=-11 Ix—2y—z=3

BAPUAHT 7. Pemiuth CUCTEMBI:



X+y+z=5 5-2x=z—-3y
aRx—y+z=1b)y l-y=x—2z
X+z=3 2-3x=1-5z

BAPHUAHT 8. Peiurhb cucTEMBI:

Sx—Ty+2 8x+3z-4 11x-5z-4x+18
- = y+—=41
12 21 14
llx-5z+12 3y+7z-2x 8z-3x+32 z 41
a) - = : by x+ ==
14 18 21
x-y-2z=16 y+§:34

IpakTnyeckas padora Ne 15
Pemienue cucrem JIMHEHBIX YPABHEHUH ¢ TPpeMs HeM3BeCTHbIMM MeTo10M Kpamepa

[leab pa6oThbl:

Hcnonb3yss Teopernyeckuil Marepual K 00pa3lbl pEIIeHUs 3a4ad, PELIUTh IMPUMEPHl IO TEME
«Pemenue cucreM JMHEHHBIX anredpandyeckux ypaBHEHUH pa3InyHbIMU CLIOCOOAMM.

Kparkue TeopeTnyeckue CBeJIeHNA:

1.IlycTs nana cucrema JIMHEWHBIX YPaBHEHUN

a, X, +a,,x,+...+a,,x, =b,

In

a, X, +a,X,+...+4+a,,x, =b,

a, X, +a ,x,+..+a_ x,=b

nl

KoaddutmeHTs! a;1,12,..., iny .. » ani, D2, ... , Dy  CUUTAIOTCS 33TAHHBIMHU.
BexTop -cTpoka {X1 , X2 ..., Xn [ - Ha3BIBACTCS perieHueM cuctemsl (1), ecnu nmpu moCTaHOBKE ATHX
Yrcell BMECTO MePEMEHHBIX Bce ypaBHEHUs cucTemsl (1) oOparmatoTcsi B BEpHOE paBEHCTBO.
Onpenenuresnb n-ro NopsaKa A=l Al =l a ij |, cocraBnenHblii u3 K02 (D PUITUEHTOB TTPH HEU3BECTHBIX,
Ha3zbIBaeTCs ompenenutenem cucteMsl (1). B 3aBucumoctn ot onpeaenurens cuctemsl (1) paznuygaroT
CJEIYIOIINE CITyYau:

a) Ecu A#0, To cuctema (1) uMeer eIMHCTBEHHOE PELIEHUE, KOTOPOE MOXKET OBITh HAWIEHO IO
A A, A;
¢popmyaam Kpamepa : xi=—,x, =—~ (=, TIe
A A A
OTIpeICIUTENb N-To Topsaka A; ( i=1,2,...,n) MOIyYaeTcss U3 ONPEACTUTEISI CUCTEMBI ITyTEM 3aMEHBI
1-r0 CTOJ011a CBOOOIHBIMM WIEHAMH by, bs,..., by.

6) Ecmu A=0 , to cuctema (1) nmu6o nMeeT GECKOHEUHOE MHOKECTBO PEIIeHUH , THOO He-
COBMECTHA, TO €CTh, PEIICHUH HET.

2. PexoMeHganuy 1Mo BLITOJIHEHUIO 3aJaHui

1. PaccmoTpuM cucteMy 3-X JIMHEWHBIX YPAaBHEHHM C TPEMSI HEU3BECTHBIMU.
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a,X; +a;,X, +a;X; =b,

a,X, + 85X, +a,X; =b, Q).

ayX; +apX; +a;X; =by
ay dp ap

1. B ngaHHO# cucTeMe COCTaBHM ONpPEAeIuTeNb A =25 @y 2,3 U BBIYUCIHM.
a3 a3 ds

2. CocTaBUTh U BBIYUCIIUTD CIEAYIOIINE ONPEACIUTENN:
b, a;, aj; a;, b, aj; a;, a;, b
Ay =1b, a, aypA,=a, b, ay,A;=la, ay by,

b, a; as; a;; by asy a; a; by

3. Bocnonb3oBatbcs (popmynamu Kpamepa.

[IpakTnueckoe 3HaueHue npaswia Kpamepa it pelieHnst CUCTEMBI 71 IMHEWHBIX YPaBHEHUH C 1 HEU3-
BECTHBIMU HEBEJIMKO, TaK KaK IIPU €ro MIPUMEHEHUH TPUXOANUTCS BBIUUCIATH 7 +1 ONpeNenuTencii n-ro
nopsinka: A, Ay, As, ..., Ax,. bonee ynoOHBIM siBIsIeTCsl TaK Ha3bIBaeMbIil memoo [ aycca. OH IpUMEHUM
U B Oosiee o01IeM CiIydae CUCTEMbI IMHEMHBIX YpaBHEHUH, T. €. KOTJa YUCIIO YPABHEHUI HE COBIAaeT
C YKCJIOM HEU3BECTHBIX.

IIpumepsl penieHuss cucTeM JIMHEHBIX YypaBHeHuii MeTtogom Kpamepa:

Hpumep 1

{3X+2y:7

x—y=4
3 2
A=

A -5 A =5

IIpoBepka:
3342 (-1 =7
{ 3-(-1)=4

A -1 A
5,

Otser: (3 ;-1).

Hpumep 2

X+2y—3z=0
2x—y+4z=5
3x+y—z=2
1 2 =3
A=2 —-1 4|=10=0
31 -1
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A, 1 Ay, 20 A
X=—"=—=—y=— =2,z=—+%

A 10 2 A 10

ITposepka:

1+2-2—3-§:0
2 2

1 3
2-5—2+4E:5 Ortset: x=0,5; y=2;z=1,5.
3'l+27§:2

2 2

Ilopsinoxk npoBeaeHust padboThI:

I/ICHOHBS}’H TCOPECTUICCKHUEC CBCACHUS, BBITIOJHUTD MMPCIIOKCHHOC IIPCIIOAABATCIIEM 3a/IaHNC, COOTBCT-

CTBYIOIIIMM 00pa3oM o(hopMHTE paboTy.
Ilepeyennb 3ananmii:
BAPUAHT 1. PeluuTh CHCTEMBI:

10x+y+4z=1 5x -3y +2z=19
a) x—2y—7z=—3,b)l4x+5y—3Z=31

2x+y+5z=0 3x+7y—4z=31

BAPUAHT 2. Pemiuth cUCTEMBbI:

2Xx—y+2z=-3 dx+y—-2z=10
ayy x+2y—z=4 ,b)y—x+3y+5z2=-1

3x+y—3z=3 3x—-y+5z=1
BAPUAHT 3. Pemiuthb cucTeMsl:

4x —y—5z=1 3x+4y+2z=>5
a} xX+y—2z=6 ,b){5x—06y—4z=-3
3X -2y —6z=-2 —4x+5y+3z=1

BAPUAHT 4. Peiuth CHCTEMBI:

3Xx—-2y+z=-3 3x+2y+z=14

a)yySx+y—2z=11,b)y2x+y+4z=12

XxX+y+z=1 x+3y+2z=11
BAPUAHT 5. Peminth cucTEMBI:

2x—=3y+z=-3 X+y+z=5
ay X+5y—z=—-1,bsx—y+z=1
3x+y+4z=11 X+z=2
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BAPUAHT 6. Pemiuth cucremMsbl:

5x+y—2z=5 Xx—2y+3z=3
ayyl0x+y+z=0,b3x+y—6z=-7
X—y+z=-11 I9x -2y —z=3

BAPHUAHT 7. Peiuth cCTEMBI:
X+y+z=5 5-2x=2z-3y

I,b)y 1—-y=x—2z
X+z=3 2—-3x=1-5z

AN XxX—y+z

BAPUAHT 8. Pemiuth cucTeMbI:

Sx—Ty+2 8x+3z-4 11x-5z-4x+18
12 21 14
llx-5z+12 3y+7z-2x 8z-3x+32 z 41
a) — = _ Jbx+==—
14 18 21 4 2
x-y-2z=16 y+§:34

[TpakTuueckast pabora Ne 16
Pemenue cucrem JJMHEHBIX yPABHEHUH ¢ TPeMs HeM3BeCTHBIMH MeTo0M ['aycca

[leab paGoThI:

Hcnonp3ys TeopeTHuecKuil marepuan M oOpaslbl pEeLIeHUs 3ajgad, PELIUTbh NPUMEpbl [0 TeMe
«Pemienune cucreM JMHEMHBIX alredpanyeckux ypaBHeHU MeToioM [ayccay .
Kpartkue Teopernyeckne cBeIeHHA:

1.ITycTs nana cucrema JIMHEHHBIX YpaBHEHUI

a; X, +a,x,+...+a,,Xx, = b,

a, X, +a,X,+...+4+a,,x, =b,

In

a, X, +a ,x,+..+a_ x,=b

nl

KoaddumuenTsr ai1,12,..., diny -.. » @ni, b2, ... , by CUNTAIOTCS 3aJJAHHBIMHU.

BeKTop -CTPOKa 1X; , X2 , ... , Xa - HA3bIBACTCS PELICHHEM CHCTeMSI (1), eCIM IIPU MOACTAHOBKE
STUX YKCEN BMECTO NIEPEMEHHBIX BCE YpaBHEHUs cucTeMHl (1) oOpamiaroTcsi B BEpHOE PaBEHCTBO.

Onpenenurens n-ro nopsaaka A=| Al =l a j |, cocrasnennsrii u3 ko3¢ durenTos mpu HemsBecT-
HBbIX, Ha3bpIBaeTcsi ompeaenureneM cucremsl (1). B 3aBucumoctu ot ompeaenurenss cucremsl (1)
pa3IMyaloT ClenyIOINe CayJan:

a) Ecim A#0, To cuctema (1) uMeeT eTMHCTBEHHOE PEIICHUE, KOTOPOE MOKET OBITh HAlIEHO TIO

A, A, A,

dbopmynam Kpamepa : x1=X,x2 = X, = e rie

ornpeaenuTeNb n-ro mopsaka A; ( i=1,2,...,n) mosy4yaeTcss U3 ONPEACTUTENS CHCTEMbI ITyTeM 3aMCHBI
1-TO CcTOI0IIa CBOOOIHBIMY WIEHAMH by, bs,..., by.
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6) Ecmu A=0 , to cuctema (1) mubo nMeeT GECKOHEUHOE MHOXKECTBO PEIICHUH , THO0 He-
COBMECTHA ,T.€. pELICHUH HET.

Metoa I'aycca. On npumeHuM U B Oojiee 00IIEM cllyyae CUCTEMbI JIMHEHHBIX ypaBHEHUMH, TO €CTb,
KOTI'JIa YHCJIO YPABHEHUI HE COBIIAJACT C YMCIOM HEU3BECTHBIX.
Wrak, mycTs faHa cuctema, cojepakallas m JIMHENHbIX YPAaBHEHHUN C 71 HEU3BECTHBIMU:
anx; +apx;+ ..+ awx, = by,
azx;+ anx;+ ...+ ayx, = by

AmiX] + Am2X2 + ...t AmnXn = bm

Metoa I'aycca permeHust CucTeMbl 3aKJHO‘IaeTC$IJB IIOCJIEI0BATEIILHOM MCKIIIOUEHUU NIEPEMEH -
HBIX.

Cxema enMHCTBEHHOroO JeieHus. PaccMoTpuM mpocreiimunii Bapuant Meronaa ['aycca, Ha3biBa-
eMBIH cxeMol eOUHCMEEHHO20 OeNeHUsL.
[Ipsimoit X0 cOCTOUT U3 7 — | MIaroB UCKIOYEHUS.

1-it mar. [{enbro 3TOrO 11ara SBISETCS UCKIIOYSHHE HEU3BECTHOTO X U3 YPaBHEHHUM ¢ HOMEpamH i = 2,
3, ..., n. [Ipeanonoxum, uro koddduruent a; # 0. bynem Ha3bIBaTh €ro enagHviM daemenmom 1-eo
waza.
Haiinem Bemuunnel ¢ = ap/an (i =2, 3, ..., n),
Ha3bIBacMble MHOdCumensamu 1-eo waea. BeluteM MocCienoBaTeNIbHO U3 BTOPOrO, TPETHEIO, ..., N-TO
YpaBHEHUU CHUCTEMBI MEPBOE YpaBHEHUE, YMHO)KEHHOE COOTBETCTBEHHO HA ¢>i, ¢31, ..., ni. DTO MO3-
BOJIUT 0OpaTUTh B HYJIb KO3((PUIIMEHTHI IPH X; BO BCEX YPaBHEHUSIX, KPOME MEPBOTO.
B pesynbrare noayyum 3KBUBAJICHTHYIO CUCTEMY

anx: + ax, +asxs + ...+ aux,= by,

azz(l)XQ + 6123(1))63 + ...+ agn(l)x,,z bz(l) ,

an"x% + axx + L+ asVx,= b0,

1 1 1 — 1
anZ( )x2 + an3( )x3 +...t ann( )xn_ bn( ) .
B kotopoii ;" u b,V BeruMCIAIOTCS IO hOpMyIaM
_ D
aiV = a; - gaar; » bi"=b;— qab.

2-i1 mar. llenpro 3TOro mara siBJAs€TCS UCKIIOUYEHUE HEM3BECTHOIO X, U3 YPAaBHEHHM C HOMeE-
pamu i = 3,4, ..., n. Ilycts an # 0, tae ax'” — xo>pduuuenT, Ha3pIBAEMBIN 21a6HbIM (AITH 6C0VUIUM)

nemMerHmom 2-20 waza. BEIMUCINM MHOXUTEN 2-T0O 11ara
_ N
gon=an"/an® (i=3,4,...,n)

" BBIYTCM MOCJICAOBATCIIBHO U3 TPCTHET0, YETBECPTOI'O, ..., 7-0T'0 YPAaBHCHHA CUCTCMbI BTOPOC YpaBHC-
HHE, YMHOKEHHOE COOTBETCTBEHHO HA §32, G4, ..., {m2. B PE3YJBTATE TOIYYUM CUCTEMY
anx tapx+  apat ot awxa= b,
azz(l)xZ + 6123(1))63 + ...+ azn(l) = bz(l) ,

a3t ot anx = b,

aPxs + ...+ a,®x,= b .
3neck ko> dumuents! a;'” u b;® BerancnsoTes no GopMynam
4% = a" — goay" | b = b — gub,®.

AHaJIOrMYHO IIPOBOAATCS OcTajbHble mark. OnuieM odepeaHoi k-ii mar. B npeanosnoxenuw,
arto anaenwiti (6edywuii) snemenm k-oro mara au*" oTaMYEH OT HyJs, BBIYUCIUM MHOdNCUumenu k-2o
waza

qir = ai* V| aY (i=k+1,...,n)
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U BBIYTEM NOCHe0BaTeNbHO U3 (k + 1)-ro, ..., n-ro ypaBHeHUI NOTy4eHHON Ha MpeIblIyIeM 1are Cu-

CTEMEI k-€ ypaBHEHHE, YMHOKEHHOE COOTBETCTBEHHO HA i1k, Ghi2hs - --» ke
ITocne (n - 1)-r0 mara HCKJIIOUEHHS MOJTYIUM CUCTEMY yPAaBHEHUMH
auxi tapx+  anxst Lt @ = b,
an'vt anxt .+ aVx = bV
asvst .+ anPx, = bP

ann(nil)xn = bn(nil) .
marpuia 4" KoTopo# sABJIseTCS BEpXHEH TpeyroabHol. Ha 5TOM BBIMHCIIEHHS NPSIMOrO XO/a 3aKaH -
YUBAIOTCS.

AJITOPUTM JJISl peLIeHUs] CUCTeMbl JIMHEHHBIX YpaBHeHHi MeToaoM ["aycca
Bripaxaem nepBoe HEM3BECTHOE U3 NEPBOI'0 YPABHEHUS U MOJICTABIISIEM €0 B OCTAJIbHBIE YPABHEHMUS.
5. ITlonmydaem HOBYIO CUCTEMY, B KOTOPOM YUCJIO YPABHEHU M HEU3BECTHBIX HA | MEHBbIIIE.
6. C HOBOIf cHCTEMOIl MOCTymaeM TaKUM K€ 00pa3oM M TakK MPOJOJDKAEM J0 TeX IMOp, MOKa He
OCTAHETCS OJIHO JINHEWHOE ypaBHEHUE, KOTOPOE JIETKO PEIIAETCs.
7. Korma moiayyeHO 3HAau€HUE MOCJIEIHEr0 HEU3BECTHOIO X,, MOJCTABIISIEM €r0 B YpaBHEHHUE,
KOTOPOE MO3BOJISAET HAUTH Xy - 1 1O Xp.
8. Tlo HaliieHHBIM X, | U X, HAXOAUM X, , U TaKUM 00pa3oM HAaXOJUM IOCIIEIOBATEIHLHO BCE
HEU3BECTHBIE.
Jns cucteM HENMHENHBIX YpaBHEHUW 3TOT METOJ HE BCerja NPUMEHUM YK€ B CHIYy TOro, YTO M3
YpaBHEHUH CHUCTEMBI COBCEM HE 0053aTeNbHO MOKHO OyAET BBIPa3UTh OJHY HEHU3BECTHYIO Yepes3
OCTaJIbHBIE.
IIpumeps! peuieHus: CUCTEM JMHEHHBIX ypaBHeHH MeToaoM ["aycca

IIpumep 1
Pemnts MeTogom I'aycca cucreMy ypaBHEHUI

X;— 2%+ x5+ xs=-1;
3XJ + 2)62 — 3)63 — 4)64 = 2,'
2x;— X2+ 2x3—3x4=9;
X7 + 3)62—3)63— X4 =—].
Pemenue: CocraBum MaTpuily B u npeobpasyem ee. [ yao0cTBa BEIUUCIECHUN OTIACINM BEPTHUKAIb-
HOM 4epTOH CTONIOEI], COCTOSIINI U3 CBOOPTHBIX YJICHOB:
1 2 1 1]-1
B= 3 23 4|2
2 -1 2319
I 3 -3 -1 |-1

YMHOXHM NEPBYIO CTPOKY MaTpULIbl B MOCIEN0BaTENbHO HA 3, 2 U 1 ¥ BBIYTEM COOTBETCTBEHHO W3
BTOPOH, TpeTheN U YeTBepTOU CTPOK. [loydyum MaTpuiry, S5KBUBAJIECHTHYIO UCXOIHOM:

-2
8 —
3

1 -1
5
=5 11
0O 542 0
TpeTbio CTPOKY MATPHIIbl YMHOXXUM Ha 3 M BBIYTEM €€ M3 BTOPOW CTPOKH. 3aTEM HOBYIO BTOPYIO
CTPOKY YMHOXKUM Ha 3 ¥ Ha 5 U BBIYTEM U3 TPEThel U uyeTBepTOl cTpok. ITomyunm marpuiy, 3KBUBa -
JIEHTHYIO UCXOJIHOM:

oo -
o=
|
-

1 2 1 1 |-1
0 -1 6 8 |-28
0 0 -1 0|3
0 0 0 19 |-19
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N3 xosdpunnenToB nocnenHen MaTpuIbl COCTABUM CUCTEMY, PABHOCUIBHYIO HCXOTHOM:

X1 —2%+ x3+ xs= -1
- Xg — 6.X3 + 8.)C4 :—28,'
— X3 :—3,'
19x, =-19.

PemmM mostydeHHYI0 CHCTEMY METOJIOM IOJICTAHOBKH, JBUTASCh IOCIECIOBATEIBHO OT IOCIICAHETO
ypaBHEHUS K mepBomy. M3 yeTBepTOoro ypaBHeHHsS Xy = —I, U3 TpeThero x; = 3. [logcTaBuB 3HAYCHUS
X3 ¥ X4 BO BTOPOE YpaBHEHUE, HalfeM x» = 2. [lofcTaBuB 3HAYCHUS X5, X3, X4 B IEPBOC YpaBHCHUE, HAM-
neMx; = 1.

Otser. (1; 2; 3;-1).

IIpumep 2
Pewmnts cucreMy ypaBHEHMI
2x+Eyt+z=2,
3x +y+ 2z="17,
x+2v+3z=3
Pemienmne:
_1 3 1
x=1-oy-5z
Bripa3um u3 epBoro ypaBHEHUs IEPEMEHHYIO X: Y TIOJICTAaBUM €€ BO BTOPOE H
TPETbE YPABHEHUL:
1 3001 [ 301
TR A=l-gy—a= 31
a1 ’ : +y+2z=17 ! +1 4 x_l_gy_gz,
g~ g | TETE TR g " gt - WS, _g,-p
3 1 1 N 5 " v+oz=4
—5_}?—52 +2y+3z=3 hzy 22_ :
z=8+7y
Bripa3um Teneps U3 BTOPOTo YpaBHEHHS IEPEMEHHYIO Y TIOJICTAaBUM €€ B TPEThE YpaBHE-
HUE CUCTEMBI:
. 3 1 1 3 1
TTATRY TR T TR TR
=
z=a+"7y, z=8+"7Ty,
y+oz=4 y+oE+Th=4

Teneps TpeThe ypaBHEHUE 3aBUCUT TOJIBKO OT Y M MBI MOYKEM €TI0 PEIIHTh:
y+38+hi=d s y+40+ 5350y =4 = Sy=-S6 =sy=-1
Wrak, nepemenHas y Halinena. [1o yxe momydeHHbIM GopMyiaM JJis X U Z MBI MOKEM TOCIIEI0-
z=d+Tw=8-7=1,

BaTEJIbHO X HANTH:

=2

RS 0 LS JD P S
r=l-gy-gz=l-gth-gl=l+g -3

2
Otser. (2; —1; 1).

ToT MCTOJ MHOI'Ia MOXXHO IIPUMCHUTD U IJIs pCIICHUA HEJTUHEHHBIX CUCTEM.
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IIpumep 3

Pemmts cucremy ypaBHEHUM
oxt 4y —z=-1,
z+y—2dx=1,
P tzp—y=1

Pemenue:

Bripa3um z u3 BTOporo ypaBHeHus: Z = 1 + 2X — y ¥ MOJCTaBUM €T0 B [IEPBOE U TPEThE YpaBHEHUS.
[Tonyuum cucteMy U3 IByX ypaBHEHUU C ABYMSI HEU3BECTHBIMH:

2x2+_y—(1+2x—_}:]=—1, xz—x+y=[:l,

4 _ R A 2_
il +2xr —yw-—v=1 it dxy—yi=1
Y=x - x

OnaTh U3 NEPBOrO YpaBHEHUSI BhIpaxkaeM y (€€ Jierde BhIpa3uTh, YeM X): [ToncraBnsiem y
BO BTOPOE YPaBHCHHE M MOJTyYaeM:

x4+2x{x—x2)—(x—x2)2=l erl=1 x5 =%l
Tenepp o HaliZICHHOMY X HAXOJAUM Y U Z:

— — 2 _
x1—1=>-_y1—x1—x =

i O,z)=1+2x -y =3

— — 2
==l =y =x,-x;=

3 2y =1+2x, -y, =1
Otser. (1; 0; 3), (-1;-2; 1).

[opsaok npoBeaeHust padoThbI:
Hcnonp3ys TeopeTndeckue CBEICHUS, BBHITIOIHUTD MPEATIOAKEHHOE MTPETI0IaBaTeNIeM 3a/1aHue, COOTBET-
CTBYIOIIUM 00pa3oM ohopMuUThL paboTy.

Ilepeyennb 3ananmii:
BAPUAHT 1. Peminth CHCTEMBI:

10x+y+4z=1 5x -3y +2z=19
a) x—2y—7z=—3,b)l4x+5y—3z=31

2x+y+5z=0 3x+7y—4z=31

BAPUAHT 2. Pemiuth cCUCTEMBI:

2Xx—y+2z=-3 dx+y—-2z=10
a)y x+2y—z=4 ,b)y—x+3y+5z=-1

3x+y—3z=3 3x—y+5z=1
BAPUAHT 3. Pemiuth cUCTEMBI:
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4x —y—5z=1 3x+4y+2z=>5
a} xX+y—2z=6 ,b){5x—06y—4z=-3
3x—-2y—6z=-2 —4x+5y+3z=1

BAPHUAHT 4. Peiuth cCTEMBI:

3Xx—2y+z=-3 3x+2y+z=14
a)yySx+y—2z=11,b)y2x+y+4z=12
x+y+z=1 Xx+3y+2z=11

BAPUAHT 5. Pemiuth cCUCTEMBbI:

2x—3y+z=-3 X+y+z=5
ay X+5y—z=—-1,bsx—y+z=1
3x+y+4z=11 X+z=2

BAPUAHT 6. Pemiuth cucremMsbl:

5x+y—2z=5 Xx—2y+3z=3
ayx10x+y+z=0,b)y3x+y—6z=-7
X—y+z=-11 Ix—2y—z=3

BAPHUAHT 7. Peuniuth CHCTEMBI:
X+y+z=5 5-2x=z—-3y
a)yyx—y+z=1,b)y l—-y=x—-2

X+z=3 2—-3x=1-52

BAPUAHT 8. Peminrth cucremMsol:

Sx-Ty+2 8x+3z-4 llx-5z-4x+18
- = y+ - =41
12 21 14
1lx=5z+12 3y+7z-2x 8z-3x+32 z 41
a) - = b x+—=—
14 18 21 4 2
3x-y-2z=16 y+§:34

[Ipaktruueckas padora Ne 17
Pemienue 3a1a4 Ha CJI0KEHHE U YMHOKEHHE
KOMILJIEKCHBIX YHCe] B ajiredpanyeckoii gopme

[leqab paboThI:

Hcnone3ysi TeopeTHdeckuil maTepuan U 00paslbl pelIeHUs 3a/ady, PeUIuTh HPUMEPhl MO TeMe
«JleficTBUS HAT KOMIUIEKCHBIMU YHCIIAaMU, 33IaHHBIMH B alITreOpandeckoi popme.
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KpaTKne TCOPETUIECCKHUE CBECICHUSA .

KBanpaTHoe ypaBHEHHE C JIEHCTBUTECILHBIME KOA(G(GUIIMEHTAMH U OTPHUIIATETHHBIM JTUCKPUMHU -
HAaHTOM HE HUMeEeT JAeHCTBUTENbHBIX KOpHEeH. [103TOMy MpUXOAUTCS pacuIUpATh MHOKECTBO JEHCTBU-
TENBHBIX YHCEN, M00aBisis K HEMy HOBBIC YHCIIa. DTH HOBBIC YHCJIA BMECTE C JCHCTBUTEIHLHBIMU
YyHrcliaMy 00pa3yrT MHOKECTBO, KOTOPOE Ha3bIBAIOT MHOKECTBOM KOMNIEKCHBIX YUCEIl.

KoMniekcHBIM YHCJIOM HA3BIBACTCS BRIPAXKCHHE BUAA Z = a+b i, rae a u b IeliCTBUTEIBHBIE
YHUCa, YACIIO a Ha3bIBACTCS JEHCTBUTEILHON YacThI0 KOMIUIEKCHOTO Yncia Z = a+b-i, a yucno b — ero
MHHMOM 4acThlO, a i — MHUMasl €IMHUIIA, OTIpeIesisieMasi paBeHCTBOM i * = -1.

Hanpumep, nelicTBuTeNbHAs 4aCTh KOMIUIEKCHOTO Yucia Z = 243+ paBHa a =2, a MHMMas paBHa
b=3.
JetictButenbHple uncna:  z=at(0i=a, z=Re z.
Mauunmeie yncina:  z=0+bi=bi, z=Im z.

PaBHEBIE KOMIUIEKCHBIEC Unclia:  z;=a+bi, z,=c+di, Z1=7,, eclii a=c, b=d.
[IpoTrBONOIOXKHBIE KOMITJIEKCHBIE YHCIIA! z=a+tbi, z=-a-bi.
ConpskeHHbIE KOMIUIEKCHBIE YHMCIIA! z=a+bi, z=a-bi.

Auredpanyeckas (popMa 3anMCH KOMILUIEKCHBIX YHceJ: Z =a + bi
CroxxeHue H YMHOKeHHE KOMILIEKCHBIX YHCeJI

Cymmoii TByX KOMITJICKCHBIX YHCeN Z;=a+bi W z;= c+d-i Ha3pIBaeTCsA KOMIUIEKCHOE YHCIIO;
z=171+2z, =(atbi)+ (ctd-i)=(atc) + (b+d)-i,

Ilpou3seedenuem NByX KOMIUICKCHBIX YKcel Z;=a+b i U z;= c+d-i Ha3pIBaETCsI KOMIUIEKCHOE YHC-
no: z=z-z=(atbi)(ctdi)=(a:c—b-d)+(a:d+b-c)i

W3 hopmy:t BEITEKAET, UTO CIOKEHUE M YMHOKEHUE MOXKHO BBITIONHSATH 10 MPaBUJIaM JISHCTBUH
C MHOTOYJIEHAMH, CUuTast i*= —1. Omepanyu CIoKXeHHs i YMHOKEHHS KOMILIEKCHBIX YUCel 00/1a1ar0T
CBOMCTBAaMHM JE€UCTBUTENLHBIX Ynced. OCHOBHBIE CBOMCTBA:

Ilepemecmumenvhoe ceoiicmeo:
Z +22222+Zl, 7y 1=7,7,
Couemamenwhoe c6oiicmeo:
(Z\+Zo)H25=2\H(Z2aH2s), (Z1-Zs) Zs=Z1* (22 Z5)
Pacnpedenumenvnoe ceoiicmeo:
Z] '(Zz+Z3)ZZl ‘Zz+Zl ‘Z3

I'eomeTpuueckoe n3o00paskeHne CyMMbl KOMILIEKCHBIX YHCeJT

"'
2oy
Z) Z1t 2,
-
@] X
Puc. 1

CornacHo ONpeesIeHUI0 CI0XKEHUS IBYX KOMIUIEKCHBIX YHCEN, IeHCTBUTENbHAS YaCTh CYMMBI
paBHa cyMMe JCHCTBUTEIBHBIX YacTeil cllaraéMbIX, MHHMas 4YacTh CyMMbl paBHa CyMME€ MHUMBIX
yacTeil ciaraeMbix. TOYHO TaKKe OMpPEIeNIsIIOTCS KOOPIMHATHI CyMMbI BEKTOPOB (puc. 1).
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FGOMeTpI/I‘leCKOG u306pame}me Pa3HOCTH KOMIIJICKCHBIX YHCEJ

=Y

“Zaf | Za-77

Pasnoctn Z, — Z, xoMIIIEKCHBIX yncen Z; u Z,, COOTBETCTBYET Pa3HOCTh BEKTOPOB, COOTBETCTBY-
OIMX ynuciam Z;, u Z,. Moaynb \Zz -z 1\ Pa3HOCTH JBYX KOMIUIEKCHBIX 4HceN Z, U Z; MO omnpeaene-
HUIO MOJYJISI €CTh JUTMHA BeKTopa Z, — Z;. IlocTpouM 3TOT BEKTOp, Kak CyMMy BEKTOpoB Z, 1 (—Z1)
(pucynok 2). Takum 06pa3zoM, MOJYJIb Pa3HOCTH JIBYX KOMIUIEKCHBIX YHCET €CTh PACCTOSHHE MEX]Y
TOYKaMU KOMILUIEKCHOU IIJIOCKOCTH, KOTOPBIE COOTBETCTBYIOT ITUM YHCIIAM.

IIpumepsb! BbIYMCICHUI

Puc. 2

Ilpumep 1: Haittu cymMy ¥ TpOU3BEJEHNE KOMIUIEKCHBIX uncenl Z,=2—3-i u
Zzz —7 + 8.

Zl+22:2—7+(—3+8)'i=—5+5'i

2,2,=2-34)(-7+84)=-14+ 164+ 21i+24=10+ 374
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Ilpumep 2: Haiitu cymMy U IpOM3BEJEHNE KOMIUIEKCHBIX uncen Z,=1 + 2 u Z,=2 - i.
Umeem Z1+2z2 =14+2i4+2-1=14+2+4+i(2+(-1))=3+i1=3+1

2z, =(1+20Q2-H=1-2+2- (-1 £ +i2- 2+ 1- (1) =2+ 2+i(d - 1) =4 +3i
22, =(1+2)Q2 - H=1-242-(-1) £ +i2- 2+ 1- (1) =2+2+id - N=4+73

Ilpumep 3:

A
Janbl komruiekcHble unucna Z,=4 + 5+i u Z,= 3 + 4-i. Haiitu pa3nocts Z, — Z; ¥ 4aCTHOE Z_2
!

Z,-7Z,=@3+4i)-4+5)=-1-1i

Z, 4.3+54 4.4-3.5 32 1.

— = +1 =—+—1

Z, 16+25 16+25 41 41

Ilopsinok npoBeneHust padboThbI:

I/ICHOHBL’.}UI TCOPCTUYCCKUE CBCACHU A, BBIIIOJHUTD MPCIJIOKCHHOC IMMPEIIOoAaBaTCIeM 3a1aHuC, COOTBCT-

CTBYIOLIMM 00pa3oM opopMuTh paboTy.

Ilepeyennb 3aganmii:
Bapuant Ne 1

1. JlaHO KOMIIJIEKCHOE YHCIIO
Z =21 - 4i
3anucarb 4YMCIO PaBHOE, MPOTHUBOIIOJIOKHOE, CONPSIKEHHOE HCXOIHOMY.
2. BpIMoOIHUTE nelicTBHE
Z=(3 -2i+ (-6 - 2i)
3. BBINOJHUTH YMHOXEHUE
Z=(3 + 4i)(1 + 3i)
4. BruIIOIHUTH AeHCTBUI

Z=(5 +2i):(2 -5i)+@7 + 3i):(1 - 2i)
Bapuant Ne 2

1 JlaHO KOMIIJIEKCHOE YHCIIO
Z=3+9i
3anucarh 4YHMCIO PaBHOE, MPOTHUBOIIOJIOKHOE, CONPSIKEHHOE HCXOHOMY.
2  BruINONHUTH AelicTBHUE
Z=(5 + 3i)+ (-2 - 5i)
3 BBINOJHUTH YMHOXEHUE
Z=(-2 +3i)(-1 -6i)
4 BruINOJIHUTH A€HCTBUI

Z=(-1 +3i):(5+ i)-(3 - 4i):(4 + 3i)
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[Ipaktuueckast pabora No 18
Pemienue 3a1a4 Ha BHIYUTAHUE U JAeJICHUE
KOMILJIEKCHBIX YHceJ B ajredopanyeckoii gopme

[leab pa6oThl:

Hcnonp3ys TeopeTnyeckuid MaTeprai 1 00pasiibl pelieHus 3a/1a4, PeIUTh IPUMEPHI [0 TeMe
«/leficTBUS Ha KOMIUIEKCHBIMU YHCIIaMU, 33/IaHHBIMH B ainreOpanyeckoil popme»

Kparkue Teopernyeckne cBeJIeHUs:

KBanpaTHoe ypaBHeHUE ¢ AEHCTBUTEIbHBIMU KOA(GGUIMEHTAMH U OTPULATEIbHBIM JUCKPUMHUHAHTOM
HE HUMeeT JACHUCTBUTEIbHBIX KOpHEU. 1103TOMy mpUXOAUTCS pacIUpsATh MHOXKECTBO ACHCTBUTEIBHBIX
quces, 100aBisisi K HEMY HOBBIE YKCIa. DTH HOBBIE YMCIIA BMECTE C JIEHCTBUTEIbHBIMHM UYUCIAMHU
00pa3yIoT MHOXKECTBO, KOTOPOE HA3bIBAIOT MHOXKECTBOM KOMNIEKCHBIX YUCEIL.

KoMnjiekCHBIM 4HMCJI0M Ha3bIBAETCs BhIpaKE€HHUE BUIA Z = atb i, rae a u b aeiicTBuTeNnbHbIE
YHcia, YUCIIO0 a Ha3bIBAETCS IEHCTBUTEIBHOM YaCThI0O KOMIUIEKCHOTO yucha z = a+b-i, a uncno b — ero
MHHMMOM 4acThl0, a i — MHUMAas €IMHUIA, OTIpeessieMas paBEHCTBOM i * = -1.

Hanpumep, nelicTBuTeNnbHAs YaCTh KOMIUIEKCHOTO Yncia z = 2+3+i paBHa a =2, a MHUMas paBHa
b=3.
HetictButenbHble uncna:  z=at(0i=a, z=Re z.
Mauunmbie yuciaa:  z=0+bi=bi, z=Im z.

PaBHBIE KOMITIEKCHBIE UMCaA:  Z;=a+bi, zZ,=c+di, Z1=2Z», €clii a=c, b=d.
[IpoTHBOMOIOKHBIE KOMITJIEKCHBIE YHCIIA: z=a+tbi, z=-a-bi.
ConpskeHHbIE KOMIUIEKCHBIE YHMCIIA! z=a+bi, z=a-bi.

Auare0panyeckasi popma 3anucH KOMIUIEKCHBIX YHMcesa: Zz =a + bi
BoluuTanue u AesieHHe KOMILIEKCHBIX YHCeJ

Brbruntanne KOMIUIEKCHBIX YHCEN — 3TO OMNepalus, 00paTHas CIOXKEHHIO: JUIs JIFOObIX KOMILJIEKC-
HBIX 4Kcen Z U Z, CylIECTBYET, U IPUTOM TOJBKO OJHO, YUCIO Z, TaKOE, uT0: Z + Z-,=7, Z
= Z1 — Zz
Yucno Z=7,+(-Z, )Ha3bIBAIOT pazHocmuio yucen 7, v Z,.
Z=(atbi)- (ctdi) = (a-c) + (b-d)-i,
Jlenenue BBOAUTCA KakK onepanus, oOpaTHast yMHOXKEHUI0: Z-Z,=7Z,

Paznenus o6e yactu Ha Z, nmonyuum:  Z=-—

U3 5TOro ypaBHeHHs BHIHO, 9TO Z,#0
T[IpOM3BOAMTCS. yMHOKEHHE JCIMMOTO H ISITHTENIsl Ha 9HCIIO, CONPSIKEHHOE JEIUTEIIO.
Zy_ a+bi_ac+bd cb+ad,

Zy ot 2ig7 lyd?

Z
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I'eomeTpuueckoe n300paskeHne PA3HOCTH KOMILIEKCHBIX YHCe

=Y

-& AR

Pasnoctu Z, — Z, KOMIIIEKCHBIX 9uCeN Z U Z,, COOTBETCTBYET Pa3HOCTh BEKTOPOB, COOTBETCTBY-
OIUX 9ucaaM Z; u Zy. Monynb |Z2 — 7| pa3HOCTH JBYX KOMIUIEKCHEIX umcel Z, U Z; 1O Ompesee-
HUIO MOJYJISI €CTh JJIMHA BeKTOpa Z, — Zi. IlocTpouM 3TOT BEKTOpP, KaKk CyMMY BEKTOPOB Z, U (—Z1)
(puc. 2). Taxum o0pa3om, MOJyJIb Pa3HOCTH ABYX KOMIUIEKCHBIX YHCEJ €CTh PACCTOSHUE MEXAY TOU-
KaMU KOMIUIEKCHOM IUIOCKOCTH, KOTOPBIE COOTBETCTBYIOT 3TUM YHCIIAM.

IIpuMepbI BoIYHCIeHU

Ilpumep 1: HaiiTu cymMMy 1 IPOU3BEIEHUE KOMIUIEKCHBIX yncen Z;=2 —3-i u
22: —7 + 8'i

Puc. 2
21+72,=2-T7+(-3+8)i=-5+54
2:7,=2-34)(-7+84)=-14+ 164 +21i+24=10+374
v
“Ei
__Si
T,
—H—t——t——t+—+t+ 5+ttt
7 5 + i
3
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Ilpumep 2: HaiiTu cymMMy U IPOU3BEIEHNE KOMIUIEKCHBIX uncen Z,=1 + 2 u7,=2 - i.

Umeem Z1 + 2z =1+2i+2-i=1+2+i2+(-1))=3+il=3+1i

27, =(1+2)2 - =1-2+2-(-1)- £ +i2- 2+ 1- (-1 =2+2+if4 - ) =4+3

27, =(1+2)Q2 -)=1-2+2-(-1) - £ +i2- 2+ 1+ (-1 =2+ 2+i(4 - ) =4 +3

Ilpumep 3:

. R 2
Janbl komIuiekcHble unucna Z,=4 + 5+i u Z,=3 + 4-i. Haiitu pa3Hocts Z, — Z, ¥ 4aCTHOE —,—

Zo—-Zi=(B+40)—(4+5i)=—1—i
Zy_ 43454 44-3.5 32 1

i —+—I
Z, 16 + 25 16+25 41 41

IHopsinox npoBeneHusi padoThbI:

I/ICHOHEByH TCOPCTUUCCKHUC CBCACHUS, BBIIIOJIHUTH NPCJIOKCHHOC IIPLCIIOAaBaTCIICEM 3aJaHNEC, COOTBCT-

CTBYIOIIUM 00pa3oM ohopMuUTh padoTy.

Ilepeyennb 3aganmii:
Bapuant Ne 1

1. JlaHO KOMIIJIEKCHOE YHCIIO
Z =21 - 4i
3anucarb 4YMCIO PaBHOE, MPOTHUBOIIOJIOKHOE, CONPSIKEHHOE HCXOIHOMY.
2. BEIMOIHUTE JieficTBUE
Z=(3 -2it(-6 - 2i)
3. BEIIOJIHUTE JeaeHue
Z=(-6 + 2i)):(3 - 4i)
4. BLIIOMHATH A€HCTBUSI

Z=(5 + 2i):(2 -5i)+(7 + 3i):(1 - 2i)

Bapuant Ne 2

1. JlaHO KOMIIJIEKCHOE YHCIIO
Z=3+9i
3anucaTh YMUCIO PAaBHOE, MPOTUBOIOJIOKHOE, COMPSHKEHHOE HCXOJHOMY.
2. BEINoIHUTL IelcTBHE
Z=(5 + 3i)+ (-2 - 5i)
3. BEIOJIHUTE IejIeHue
Z=(4 +-3i):(-2 - 5i)
4. BBIIIOJIHUTE AEUCTBUSA

Z=(-1 +3i):(5+ i)-(3 -4i):(4 + 3i)
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